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Random matrices play a central role in modern probability theory and high-dimensional
statistics, both as fundamental mathematical objects and as powerful tools for inference.
This dissertation presents several works on random matrix theory and its connections to
statistical inference with correlated structures in high dimensions.

On the random matrix side, we investigate the spectral properties of sample covariance
matrices. Our approach is built upon the resolvent method, and we utilize local laws for
various spectral analyses. Specifically, our contributions are three-fold: (1) we attain the
first explicit rate of convergence for the largest eigenvalue of sample covariance matrices;
(2) we derive the first quantitative estimate for the universality of the smallest singular
value for random matrices at the hard edge; (3) we obtain the first sensitivity analysis for
the principal component with respect to resampling of the data as the perturbation effect.
These results deepen our understanding of the classical universality phenomenon.

On the statistical side, we study inference of latent structures and correlations from
noisy data. In particular, we focus on random graph matching of geometric models and
empirical Bayes estimation in high-dimensional linear models. For these statistical infer-
ence tasks, we establish both positive and negative results: we derive optimal information-
theoretic limits and, in parallel, develop algorithms that achieve these limits whenever fea-
sible. These results solve open problems in the fields and also provide new directions to

explore in the future.
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Chapter 1

Overview

Over the past few decades, random matrix theory has emerged as an important subject
in modern probability and it has been applied in a broad range of fields such as physics
[Wig51, Wig55, Dys62a, Dys62b, Dys62¢c, GMGW98], economics [BP09, OM00, YP16],
genetics [LZYZ06, Zhol7, ABBR20], etc. In particular, the interplay between random
matrix theory and high-dimensional statistics is becoming more and more important due
to the development of machine learning and data science [DGNT11, PW17, PB17, MM21,
CLMW 11a, CCF*21, CL22, CDI11]. As the datasets grow in both size and complexity,
classical statistical theory that either restricts to fixed-dimensional structures or focuses on
normality assumption becomes inadequate. Random matrix theory provide powerful tools
for high-dimensional statistical inference [JohO7, BS10a, CL22].

A central topic in random matrix theory is the spectral analysis of large random matrices
[AGZ10, BS10a]. In particular, with a deep connection to statistics, the eigenstructure
of large sample covariance matrices play a fundamental role in signal detection [JohOl,
BBAPOS, Pau07, BGN11, KN09], principal component analysis [JL09, FLW16, ZCW22,
AFW22], and linear regression [DIC16, BHMM 19, HMRT?22].

Before diving into the focus of this dissertation, we first have a brief review of two
important aspects of random matrix theory: (1) the universality phenomenon (2) classical

application of random matrix theory in statistics.



1.1 Universality in random matrix theory

One of the central discovery in random matrix theory is the universality phenomenon: cer-
tain spectral behaviors of large-scale random matrices are insensitive to the microscopic
distribution of the matrix entries. In particular, the famous Wigner-Dyson-Mehta con-
jecture asserts that the spectral behavior should only depend on the symmetry class of
the matrix ensemble (this conjecture has been proved [TV12, EYY11l, ESYY12, BYY 14,
BEYY16, BY17]). In this thesis, since our primary concern is random matrices related to
statistics, we focus more on the sample covariance matrices of type X ' X. As a warm-up,
we briefly present three important universality results (the detailed version will be discussed

in later chapters):

Empirical spectral distribution For a symmetric matrix H € RY*¥ _its empirical spec-
tral distribution is defined as < SV 0x,» where {\;}Y, are the eigenvalues of H. Tt is well
known that for Wigner matrices, the empirical spectral distribution converge to the semi-
circle distribution and for sample covariance matrices the limit is the Marchenko-Pastur
distribution [MP67]. Specifically, consider a large data matrix X € R™*"™ with entries
satisfying mean zero and variance 1, in which the dimensions m and n are proportional
and both grow to infinity lim,, ., 7+ = £ (for simplicity we assume 0 < £ < 1). With the
eigenvalues of H = %X X T denotedas Ay < -+ < \,,,, its empirical spectral distribution

converges to a deterministic limiting law

1 m
— Z Ox, = Hmp
m =1

where

1 /Oy —a2) (=)

InE . C A = (1462

dpmp () =



The Marchenko-Pastur limit is of fundamental importance for the spectral analysis of sam-
ple covariance matrices. For modern applications, a refined version of the Marchenko-
Pastur law is proposed. This is called the local Marchenko-Pastur law [PY14, PY12,
BEK™" 14, BKYY16, KY17], which is stated in terms of the Stieltjes transform of the spec-
tral distribution and quantifies the convergence on local microscopic scales. This quanti-
tative measurement of spectral convergence is one of the most powerful tools in modern
random matrix theory [EY17a, BGK17], and has been widely applied in various fields
[FMWX20, FMWX?22, CL22]. For a more detailed introduction to this local law, we defer

it to the technical chapters (Chapter 2 and Chapter 3).

Tracy-Widom fluctuation The empirical spectral distribution aims to describe the global
eigenvalue distribution. In some cases, the behavior of the top eigenvalue may be even
more important. Another classical result in random matrix universality is the limiting law
of the largest eigenvalue of random matrix ensembles. For the sample covariance matri-
ces, it is well known that the fluctuation of the largest eigenvalue around the spectral edge
(after appropriate rescaling) converges to a deterministic limit named Tracy-Widom dis-
tribution [JohO1, Mal2, PY14, BEK"14, BKYY16, KY17, DY18]. This limit describes
the concentration of the largest eigenvalue, and plays a vital role in many applications

[BBAPOS, MRZ15].

Eigenvector delocalization The eigenvectors also exhibit universal behavior for large
random matrices. One of the key properties of eigenvectors is the delocalization phe-
nomenon [PY14, BEK"14, BKYY16, KY17, BY17], which means that the size of each
component of the eigenvector is approximately the same. Roughly speaking, this means
that the distribution of the eigenvector is isotropic on a sphere. As one of the most impor-
tant property for large-scale random matrices, delocalization inspires the development of

many spectral method in statistics [AKS98, MRZ15, FMWX20, FMWX22].



1.2 Random matrices in statistical inference

Random matrices naturally appear in various statistical inference tasks. As an introduction
for how random matrix theory can be used in high-dimensional statistics, we present a
simple example of signal detection in the signal-plus-noise model. Let W € RV*Y be
a matrix whose elements are independent (up to symmetry) N (0, %) variables. Suppose
x € R" is a uniformly random vector on the unit sphere. Consider the following hypothesis
testing problem:

Hy: X =W vs H : X =Vzz +W.

This problem can be easily solved based on a classical result in random matrix theory called
the BBP phase transition [BBAPOS]. For the null model in H,, we have the well-known
semicircle law and we know that the largest eigenvalue Ay of X concentrates around 2. On
the other hand, when A > 1, it was proved that there will be an outlier in the spectrum and
the largest eigenvalue Ay will be strictly greater than 2 with high probability. Therefore,
using random matrix theory can easily solve the testing problem in this case.

Beyond this simple setting, random matrix theory provides powerful tools for vari-
ous statistical tasks such as signal detection [JohO1, BBAPOS, Pau07, BGN11, KNO9],
covariance estimation [LWO03a, LWO03b, LW04, Kar08, Nad14, LW17], and regression
[DIC16, BHMM19, HMRT22, RR0O7, MP21]. The interplay between random matrix theory
and high-dimensional statistics is a broad and profound topic. We do not aim to introduce
every aspect of it, and we refer to [JohO7] for a more comprehensive review. In this disser-
tation, we will investigate how random matrices appear in two statistical problems that are
less studied in previous literature: random graph matching and empirical Bayes estimation

for linear models.



1.3 Organization

This thesis can be divided into two parts: the first part focus on the mathematical theory
of random matrices; the second part focus on how random matrices appear in statistical
models and discuss various aspect of the inference problems such as information-theoretic
threshold and inference algorithms.

In Chapter 2, we study the quantitative edge universality for sample covariance matri-
ces. We prove the first explicit rate of convergence to the Tracy-Widom distribution for the
fluctuation of the largest eigenvalue of sample covariance matrices that are not integrable,
and also derived the first quantitative universality for the smallest singular value. Our
primary focus is matrices of type X*X and the proof follows the Erdds-Schlein-Yau dy-
namical method. We use the dynamical appproach to analyze the Dyson Brownian motion
and obtain a quantitative error estimate for the local relaxation flow at the edge. Together
with a quantitative version of the Green function comparison theorem, this gives the rate of
convergence.

In Chapter 3, we focus on eigenvectors of sample covariance matrices, which are
closely related to the principal component analysis in statistics. The stability and sensi-
tivity of statistical methods or algorithms with respect to their data is an essential problem
in machine learning and statistics. One fundamental way to measure the stability of an
algorithm is to study its performance under resampling of the data. In this chapter, we
study the resampling sensitivity for the principal component analysis (PCA). When the
population covariance matrix of the data does not have a strong spike (i.e. in the subcrit-
ical regime), we show that PCA is resampling sensitive by establishing a sharp threshold
for the resampling strength, above which resampling even a negligible portion of the input
may completely change the principal component; below this threshold, a moderate resam-
pling has almost no effect on the output. In contrast, if the population covariance matrix

possesses a strong spike, PCA will be stabilized by the planted signal. All of our results



hold with universality, regardless of the underlying data distribution. Such sensitivity phe-
nomenon has been discovered for Wigner matrices [BLZ20, BL22], and we generalize it to
the case of PCA.

In Chapter 4, we focus on matching random graphs with latent geometric structures.
This paper studies the problem of matching two complete graphs with edge weights cor-
related through latent geometries, extending a recent line of research on random graph
matching with independent edge weights to geometric models. Specifically, given a ran-
dom permutation 7* on [n] and n iid pairs of correlated Gaussian vectors { X«(;), ¥; } in R?
with noise parameter o, the edge weights are given by A;; = x(X;, X;) and B;; = (Y}, Y))
for some link function . The goal is to recover the hidden vertex correspondence 7* based

on the observation of A and B. We focus on the dot-product model with x(z,y) = (z,y)

2 in the low-dimensional regime

and Euclidean distance model with x(x,y) = ||z — y
of d = o(logn) wherein the underlying geometric structures are most evident. We de-
rive an approximate maximum likelihood estimator, which provably achieves, with high
probability, perfect recovery of 7* when o = o(n~%/¢) and almost perfect recovery with a
vanishing fraction of errors when o = o(n~'/%). Furthermore, these conditions are shown
to be information-theoretically optimal even when the latent coordinates {X;} and {Y;}
are observed, complementing the recent results of [DCK19] and [KNW22] in geometric
models of the planted bipartite matching problem.

In Chapter 5, we study the empirical Bayes estimation in high-dimensional linear mod-
els. Empirical Bayes is a powerful framework for large-scale inference, and its core idea
is to estimate the prior distribution in the traditional Bayesian method via data-driven ap-
proaches and then apply the downstream Bayesian inference based on the estimated prior.
Empirical Bayes is well-developed for sequence models, but it is challenging to adapt it
to linear models. For the Bayesian linear model y = X3 + €, where [3; are i.i.d. from
some distribution g, we aim to learn the unknown prior distribution. The two most clas-

sical methods in statistics, maximum likelihood estimation and method of moments, both



have technical difficulties when analyzing their statistical theory in linear models. Previ-
ous attempts mainly follow the nonparametric maximum likelihood estimation (NPMLE)
approach [MSS23, FGSW23]. Despite making the first steps toward understanding the sta-
tistical guarantees, their works require strong assumptions and do now have a good under-
standing of the sample complexity. In our work, we rely on the idea of method of moments
and design an estimation algorithm with polynomial complexity. We show the consistency
of our estimator under mild conditions. In particular, our estimator only requires sublin-
ear sample complexity and we also prove that this complexity is information-theoretically

optimal.



Chapter 2

Quantitative Edge Universality of
Sample Covariance Matrices

2.1 Introduction

The study of extremal eigenvalues is one of the most important questions in random matrix
theory, not only because the eigenvalues themselves reveal essential properties of the matrix
but also they play significant roles in developing spectral algorithms in statistics or maching
learning. For high-dimensional large sample covariance matrices, it is well known that
its empirical spectral distribution converges to the Marchenko-Pastur law [MP67] and its
largest eigenvalue converges has a limiting Tracy-Widom distribution [JohO1].

The edge universality phenomenon has been discovered for more than a decade [S0s02,
P09, PY14, BEK* 14, BKYY16, KY17, DY18, TV10, CL19], but quantifying the rate of
convergence to limiting laws remained challenging. Quantitative estimates for edge univer-
sality were only obtained for the Wishart ensemble [Joh00, EK06, Mal2]. Also, as noted
in [CMS13], for large-scale sample covariance matrices with a asymptotically square data
matrix (called the hard edge case in random matrix literature), its smallest eigenvalue will
exhibit very different behavior from the Tracy-Widom limit, due to the singuarlity of the

Markchenko-Pastur distribution at the origin. This makes quantifying the universality of



the smallest eigenvalue/singular value even more difficult.

Following the framework proposed by Bourgade [Bou22], we obtain quantitative uni-
versality for the extremal eigenvalues of sample covariance matrices in both the soft edge
case and the hard edge case [Wan24, Wan22]. We remark that the results we stated in this
dissertation were chronologically the first, but improvements have been obtained in other

works [SX21a, SX21b, SX22].

2.1.1 Model and Main Results

Let X = (x;;) be an M x N data matrix with independent real valued entries with mean 0

and variance M !,
zi; = M q;, Elg;] =0, Elg]=1. (2.1)

Furthermore, we assume the entries g;; have a sub-exponential decay, that is, there exists a

constant # > 0 such that for u > 1,
P(|gi| > u) < -1 exp(—ua). 2.2)

This sub-exponential decay assumption is mainly for convenience, other conditions such
as the finiteness of a sufficiently high moment would be enough. (For a necessary and
sufficient condition for the edge universality we refer to [DY18].)

The sample covariance matrix corresponding to data matrix X is defined by H :=

X*X. Throughout this paper, to avoid trivial eigenvalues, we will be working in the regime
E=¢&(N):=N/M, Iéim e (0,1)oré=1.
—00

We will mainly work with the rectangular case 0 < ¢ < 1, but will also show how to

adapt the arguments to the square case M = N. (The reason why we do not discuss the



general case lim & = 1 is merely technical due to the lack of local laws at the hard edge. In
particular, the rigidity estimate at the hard edge is only known for a fixed £ = 1 but not for
§=¢(N) = 1)

We order the eigenvalues of H as A\; < --- < Ay, and use A, to denote the typical
location of the largest eigenvalue (see (2.9) for the definition). For the main result of this

paper, we consider the Kolmogorov distance
dk(X,Y) == sup[P(X < &) — P(Y < x)].

Theorem 2.1. Let Hy be sample covariance matrices satisfying (2.1) and (2.2). Let TW

be the Tracy-Widom distribution. For any € > 0, for large enough N we have
dk (YN3(Ay — A1), TW) < N—5+¢,
where v is an en explicit normalizing constant given by

7 =€+ VT (2.3)

The null case X*X is our primary concern in this paper, but quantitative estimates
are also valid for general diagonal population matrices X *>.X thanks to the comparison
theorem for the Green function flow by Lee and Schnelli (see Section 2.6 for more de-
tails). Combining our quantitative edge universality for the null case (Theorem 2.1) with
the Green function comparison by Lee-Schnelli (Proposition 2.4), we derive the rate of
convergence to Tracy-Widom distribution for separable sample covariance matrices with

general diagonal population.

Corollary 2.1. Let ) := X*XX be an N x N separable sample covariance matrix, where
X isan M x N real random matrix satisfying (2.1) and (2.2), and X is a real diagonal

M x M matrix satisfying (2.80). Let pux be the largest eigenvalue of Q. For any € > 0, for

10



large enough N we have
dk (NP (py — EL), TW) < N™ s+, (2.4)

where E defined in (2.79) denotes the rightmost endpoint of the spectrum and vy, is a

normalization constant defined in (2.81).

For the hard edge case (i.e. £ = 1), for technical reasons, we state the results in terms
of singular values. For an N x N matrix X, let 01 (X) < -+ < oy (X) denote the singular
values in non-decreasing order and use x(X) := oy (X)/0o1(X) to denote the condition
number. Throughout this paper, we let G be an N x N Gaussian matrix with i.i.d. entries
N0, N-1).

The main results in the hard edge case are the following.

Theorem 2.2. Let X be an N x N matrix satisfying (2.1) and (2.2). For any § € (0,1)

and € > 0, we have

P (Noy(G) > r+N%) — N* (N0 N—%> < P(Noy(X) > 1)

<P(Noy(G)>r = N7) + N (N v N2) 25)

where a V' b = max{a, b} denotes the maximum between a and .

For the smallest singular value, the complex-valued case is particularly interesting in
the sense that the complex Gaussian model is explicitly integrable, i.e., the distribution of
its smallest singular value is given by an exact formula. Specifically, let Gc be an N x N
matrix whose entries are i.1.d complex Gaussians whose real and imaginary parts are 1.i.d.
copies of \/%N (0, N71). For the complex Gaussian ensemble, Edelman proved in [Ede88]

that the distribution of the (renormalized) smallest singular value of a complex Gaussian

11



ensemble is independent of /V and can be computed explicitly
P(Noy1(Ge) <7r) = / efdr=1—e".
0

Thanks to this exact formula for the integrable model, the edge universality for the small-
est singular value can be quantified in terms of the Kolmogorov-Smirnov distance to the
explicit law.

More precisely, let X¢ be an N X N random matrix satisfying
1
(X(C)ij = N_1/2l’ij, EZL‘Z‘]‘ = 0, ]E[(Re (L’Z‘j)Q] = E[(Im lL'ij)2] = 5, E[(Re x”)(lm ZL‘Z])] = 0.

and the sub-exponential decay assumption (2.2). Then we have the following rate of con-

vergence to the explicit law.

Corollary 2.2. Let X¢ be a complex N x N random matrix defined as above, then for any
e > 0 we have

P(Noy(Xe)<r)=1—e "+ O(N ). (2.6)

2.1.2 Outline of Proofs

The central idea of this paper is based on the Erdds-Schlein-Yau dynamical approach in
random matrix theory. In their seminal work [ESYY12], the so-called three-step strategy
is developed to prove universality phenomena for random matrices. Roughly speaking, this

framework is the following three ideas.

(i) A priori estimates for spectral statistics. This is based on the analyzing the re-
solvent of the matrix, and such analysis is called local law in random matrix theory.
Local law states that the spectral density converges to the limiting law on microscopic

scale. This local law implies the eigenvalue rigidity phenomenon, which states that

12



the eigenvalues are close to their typical locations. Such a priori control of the eigen-

value locations will play a significant role in further analysis.

(i) Local relaxation of eigenvalues. This step is designed to prove universality for ma-
trices with a tiny Gaussian component. We perturb the matrix by some independent
Gaussian noise, and then under this perturbation, the dynamics of the eigenvalues is
governed by the Dyson Brownian motion (DBM). Moreover, the spectral distribu-
tion of the Gaussian ensemble is the equilibrium measure of DBM. The ergodicity
of DBM results in a fast convergence to the local equilibrium, and hence implies the

universality for matrix with small Gaussian perturbation.

(ii1) Density arguments. For any probability distribution of the matrix elements, there
exists a distribution with a small Gaussian component (in the sense of Step (ii)) such
that the two associated random matrices have asymptotically identical spectral statis-
tics. Typically, such an asymptotic identity is guaranteed by some moment matching

conditions and the comparison of resolvents.

For a systematic discussion of this method, we refer to the monograph [EY 17a]. Following

this strategy, our main techniques can also be divided into the following three steps.

e The first step is the local semicircle law for the symmetrization of the random matrix
X. This local law guarantees the optimal rigidity estimates for the singular values.
This step is be based on classical works in random matrix theory such as [BEK ™' 14,

AEK14b, AEK17, PY14].

e The second step is to interpolate the general matrix X with the Gaussian matrix
(G, and estimate the dynamics of the singular value. More specifically, we consider
the interpolation X, = e %/2X + /1 — e, which solves the matrix Ornstein-

Uhlenbeck stochastic differential equation

1 1
—=dB; — - X,dt.

dX; =
t \/N 2
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Note that this interpolation X, is equivalent to the matrix perturbation in our smoothed
analysis. We consider a weighted Stieltjes transform (defined in (2.21)). A key in-
novation of our work is that, combined with a symmetrization trick, the evolution of
the weighted Stieltjes along the dynamics of H, satisfies a stochastic PDE that can
be well approximated by a deterministic advection equation. This deterministic PDE
yields a rough estimate for |0 (X;) — o (G)|. Finally, using a delicate bootstrap argu-
ment, we show that the estimates for |04 (X;) — 0x(G)| are self-improving. Iterating
the bootstrap argument to optimal scale, we derive the optimal smoothed analysis for

the smallest singular value.

The last step is a quantitative resolvent comparison. In particular, the difference
between the resolvent of two different random matrices are explicitly controlled in
terms of the difference of their fourth moments. This comparison is proved via the
Lindeberg exchange method. Together with the optimal smoothed analysis, this com-

parison theorem establishes the quantitative universality.

2.1.3 Notations

We introduce two important probabilistic notions that are commonly used throughout this

Chapter.

Definition 2.1 (Overwhelming probability). Let {Ex} be a sequence of events. We say that

En holds with overwhelming probability if for any (large) D > 0, there exists No(D) such

that for all N > Ny(D) we have

P(Ey)>1—- NP,

Definition 2.2 (Stochastic domination). Let X = {Xx} and Y = {Yn} be two families of

nonnegative random variables. We say that X is stochastically dominated by ) if for all

(small) € > 0 and (large) D > 0, there exists Ny(e, D) > 0 such that for N > Ny(e, D)

14



we have

P(Xy > NYy) < NP

The stochastic domination is always uniform in all parameters. If X is stochastically dom-

inated by ), we use the notation X < ).

We also denote

2
o= eC’U(loglogN)

a subpolynomial error parameter, for some fixed Cy > 0. This constant Cj is chosen large
enough so that the eigenvalues (and singular values) rigidity and the local Marchenko-
Pastur law (see next section for more details) holds. This parameter is essentially a factor
of N¢ for an arbitrarily fixed € > 0, and we present some results with ¢ for a pursuit of

better accuracy.

2.2 Preliminaries

2.2.1 Dyson Brownian motion of Gram matrices

Let B be an M x N real matrix Brownian motion: 5;; are independent standard Brownian

motions. We define the M x N matrix X; by

1
Xt — X[) "‘ ﬁBt

The eigenvalue dynamics for the real Wishart process H; := X/ X; was first derived in
[Bru89]. Under our normalization convention, the equation is in the following form given

n [BY17, Appendix C]

dBkk )\k+)\8
=9 2.
AN, = 2/ Nl (N N§ Ak—Ae> 2.7)
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For technical convenience, when applying the coupling method from [BEYY 16] to analyze
the dynamics (2.7), focusing on the singular value will be a more suggested way so that we
can eliminate the coefficient v/)\;, in the martingale part.

For 1 < k < N, let s := v/\; denote the singular values of X. The Dyson Brownian
motion for singular values dynamics of such sample covariance matrices is the following
Ornstein-Uhlenbeck process [ESY Y12, equation (5.8)].

1 . 1 (1 1) 1 n 1 Z( 1 . 1 >
__S f— —_—— — —
25 F 2 f Sk 2N 2k S — Sy Sk + Se

dt.

An important idea in this paper is the following symmetrization trick (see [CL19, equation

3.9D:

From now we label the indices from —1 to — N and 1 to IV, so that the zero index is omitted.
Unless otherwise stated, this will be the convention and we will not emphasize it explicitly.
After symmetrization, the dynamics turns to the following form

1 1/1 1 1 1
() ks

2 2\ & s, 2N ot Sp — Sy

4B,
VN

dSk =

~N<k<Nk#0 (28)

2.2.2 Local law and spectral rigidity

The local law and rigidity estimates are classical results for the eigenvalues of sample
covariance matrices. In this section, for later use, we rephrase these results into the corre-
sponding version in terms of singular values.

It is well known that the empirical measure of the eigenvalues converges to the Marchenko-

Pastur distribution

pmp ()

1 \/[(l' — A )y — )]s

- 2r€ x2 ’
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where

A = (1+ /€)% (2.9)

Define the typical locations of the singular values:

E2
vk::inf{E>():/ pMp(:p)de%}, 1<k<N.

Following the symmetrization trick, we also define v_; = —~;. By a change of variable, it

is easy to check that

" N+k [ N—k
/ p(x)dx = TR / plx)dr = ——, (2.10)

—00 —0o0

where p(x) is the counterpart of Marchenko-Pastur law for singular values, defined by

ple) = 271r§\/ e A’)(f 2o A <l < (2.11)

X

Denote s; < --- < sy the singular values of the data matrix X, and extend the singular
values following the symmetrization trick by s_, = —s,. For 2 = E + in € C with
n > 0, let my(2) and Sn(z) denote the Stieltjes transform of the empirical measure of the

(symmetrized) singular values and eigenvalues, respectively:

1 1 1N 1
mN(Z)::ﬁ Z Sy — 2 S<Z)::Nkz:;)\k—z'

—N<kZN

As mentioned previously, in the summation from —/V to N the 0 index is always excluded.

Note that due to the symmetrization, this is equivalent to

N N
1 1 1 1 P )
N _ N2 . 2.12
my(2) QN;(Sk—Z+—sk—z> N;si—% zS(27) (2.12)

On the other hand, use myp(z) to denote the Stieltjes transform of the Marchenko-Pastur
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law

p(z) = [ 2a0L2)gp L L6t VE S AJE L)

- r—z 28z ’
where , /7 denotes the square root on the complex plane whose branch cut is the negative
real line. With this choice we always have Im myp(2) > 0 when Im z > 0. For the singular
values, recall the limit distribution p(x) for the empirical measure and use m(z) to denote

its corresponding Stieltjes transform

We have the following relation between m(z) and mmp(z)

m(z) = /\/f (x L - i z) 271T£\/[(ac2 — A_>:£j+ — ey

:/ i 2pMp(x)dm:2'771,\/”:(22). (2.13)
R

r—z

It is well known that we have the strong local Marchenko-Pastur law [BEK ' 14, PY 14] for

S(z). Denote by £(z) the distance of z to the spectral edges A\, i.e.,

z— \/)\_‘,

K(2) ::min{ z—\/)ur’},
For any fixed w € (0, 1), define the domain

S=Sw,N):={s=FE+ine€C:k(z) <w " N <np<w |z >w}.

For any D > 0, there exists No(D) > 0 such that for every N > N the following holds

uniformly in z € S,

P (\5(@ — ()] < N%) 1o NP, (2.14)
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By the relations (2.12) and (2.13), we know that
Ima(z) = m(2)] = |2 (S(z2) — mwe(z2)] < [2]|S(z2) = mup(22)]
Combining with the strong local Marchenko-Pastur law (2.14), this gives us
P (|mN(z) —m(2)| < N%) >1-N7P. (2.15)

We remark that in the square case £ = 1, the Stieltjes transform m(z) reduces to the
Stieltjes transform of the semicircle law mg.(z) = %m.

For the rigidity estimates, a key observation is that the critical case £ = 1 is significantly
different from other cases. This is because the Marchenko-Pastur law pyp has a singularity
at the point x = 0 in this situation. When ¢ < 1, the rigidity of singular values can
be easily obtained from the analogous estimates for eigenvalues (see [PY14]). Let k=

min(k, N +1—k), forany D > 0 there exists Ny(D) such that the following holds for any
N Z NOa

P (|5k — o < PENTE(R)E forall k € [1,N]) ~1- NP (2.16)

For the critical case £ = 1, now the Marchenko-Pastur distribution is supported on
[0,4] and is given by pup(z) = %\/m A key observation is that the scales of
eigenvalue spacings are different at the two edges. Due to this phenomenon, we use the
following two different results, depending on the location in the spectrum.

On the one hand, the Marchenko-Pastur distribution still behaves like a square root near
the soft edge © = 4, which implies that the result is the same as the rectangular case. The

rigidity estimate near the soft edge can be easily adapted from the result for eigenvalues in
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[BEK ™ 14, Theorem 2.10], i.e. for some (small) w > 0 and any ¢ > 0 we have
P <|sk — oyl S NS(N —k+1)"5N"5 forall k € [(1 — w)N, N]> ~1- NP (2.17)

On the other hand, as explained in [CMS13], at the hard edge = = 0 the typical distance
between eigenvalues and the edge is of order N ~2, which is much smaller than the typical
distance between neighbouring eigenvalues in the bulk (or at the soft edge). Note that in
this situation, the measure for the symmetrized singular values coincides with the standard
semicircle law, that is p(z) = 5-1/(4 — 2?),. By the relation (2.10), this means that the
typical k-th singular value 7, of an N x N data matrix shares the same position with the

typical (IV + k)-th eigenvalue of a 2N x 2N generalized Wigner matrix. The link between

these two models can be illustrated by the symmetrization trick: Define the 2N x 2N matrix

N 0 X
0= ,

X 0

then we know that the eigenvalues of H are precisely the symmetrized singular values of
X*. Note that we have H = H*, Eﬁij = 0and 37 E]:Tfj = 1forevery j € [1,2N]. This
shows that H is indeed a Wigner-type matrix except the lack of nondegeneracy condition

caused by the zero blocks. By considering the matrix of this type, the rigidity at the hard

edge can be proved directly from [AEK17, Theorem 2.7]

P (|sy — | < N forallk € [1,(1—w)N]) >1— N, (2.18)

2.2.3 Auxliary results

To make this Chapter self-contained, we collect some well-known results that are used in
the Chapter.

The first result is about controlling the size of a martingale. This is from [SW09, Ap-
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pendix B.6, Equation (18)].

Lemma 2.1. For any continuous martingale M and any \, i > 0, we have

2
P ( sup |[M,| >\, (M), < ﬂ) < 2¢ 2,

0<u<t

The second result is the Helffer-Sjostrand formula, which is a classical result in func-
tional calculus. This formula is used in Proposition 2.3 to compute the trace of functions

via the Stieltjes transform. We are using the version in [EY 17a, Section 11.2].

Lemma 2.2 (Helffer-Sjéstrand formula). Let f € C'(R) with compact support and let
X(y) be a smooth cutoff function with support in [—1,1|, with x(y) = 1 for |y| < % and

with bounded derivatives. Then

)=~

™

/ iy f"(z)x(y) +i(f(z) +if'(x))x'(y)

dxdy.
A—x — iy vy

We also have the following resolvent expansion identity. This is a well-known result in
linear algebra, and it is used in Proposition 2.3 to compare the resolvents of two matrices.

Lemma 2.3 (Resolvent expansion). For any two matrices A and B, we have
(A+B)'=A4"1—-(A+B)'BA™!

provided that all the matrix inverses exist.

Finally, we have some estimates for the Stieltjes transform of the semicircle law. For
z = E + in with n > 0, recall that m.(z) denotes the Stieltjes transform of the semicircle
distribution. The following estimates are well known in random matrix theory (see e.g.

[EY17a, Lemma 6.2]).
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Lemma 2.4. We have for all z = F + in with n that

|mSC<z)| = |msc(z) + Z|_1 < 1.

Furthermore, there is a constant ¢ > 0 such that for E € [—10, 10] and n € (0, 10] we have

¢ < Imee(2)| < 1—en, [1—mg(2)] ~ VK(E)+,

as well as

K(E)+n ifIE[ <2,
Immec(2) ~

n 4 >
~—  flE =2,

where k(E) := ||E| — 2| is the distance of E to the spectral edge.

2.3 Singular Value Dynamics

Following the three-step strategy, a key component of our proof is quantifying the uni-
versality of Gaussian divisible ensembles, which leads us to analyze the Dyson Brownian

motion.

2.3.1 Stochastic advection equation

The analysis of singular value dynamics relies on comparing the singular values of a gen-
eral matrix and the Gaussian ensemble. This comparison follows the coupling method
developed in [BEYY16, LSY19].

Consider the interpotation between a general matrix X and a Gaussian matrix G. Let
{on(X) M\ and {0%(G)}2_ 5 be the (symmetrized) singular values of X and G, re-

spectively. For v € [0, 1], define

s(0) = (1 — v)oR(X) + voi(G).
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With this initial condition, we denote the unique solution of (2.8) by {s,(:) (t)}. Also, let
{ox(X, %)} and {0k (G,t)} denote the solutions of (2.8) with initial conditions {04 (X)}
and {0y (G)}, respectively.

The rigidity estimates (2.16), (2.17), (2.18) hold uniformly (with respect to both v and
t) for the interpolation dynamics. For any fixed € > 0, denote k= min(k, N +1—k) and

consider the set of good trajectories

A

{’S;W(t) _%‘ < N 5t(k) 3 for0<t<1,|k|<N,0<v< 1}, if{#1

{

s (t) _%‘ < N75H(N+1— k)75 for0<t<1,[k| <N,0<v< 1}, if&=1

(2.19)

and let <7 denote the set similarly as in 7. but with N¢ replaced by ©©. Rigidity esti-
mates for fixed ¢t and v = 0 or 1 were proved in [AEK14a, AEK17, BEK'14, BYY14,
CMS13].The extension to uniform estimates in parameters can be done by a discretization
argument: (1) discretize in ¢ and v; (2) use weyl’s inequality to control increments over
small time intervals; (3) use a maximum principle for the derivative with respect to the v
parameter (see Lemma 2.6) to control increments in small v-intervals. As a consequence,

we have

Lemma 2.5. For any € > 0, the event /. happens with overwhelming probability, i.e. for

any D > 0, there exists Ny(g, D) such that for any N > Ny we have
P(e.) >1—- NP,

‘We consider

+ d

(v) } o (v)
o (t) == e ask (t).

For the simplicity of notations, we omit the parameter v if the context is clear. Then ¢y,
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satisfies the following non-local parabolic type equation.

d 1 ( 1) o 1 P — Pr
—pp==(1- S —— BLAEER Sl (2.20)
dt 2 £ 2N S (50— si)’

Let ¢, = @D,(CV) solve the same equation as ¢y, in (2.20) but with initial condition 14 (0) =

|0£(0)] = [ok(X) — o (G)].

Lemma 2.6. Forallt > 0and —N < k < N, we have

Ur(t) = ¥ok(t), () 20, [¢e(t)] < max [¢e(0)], lon(t)] < 9n().

—N<UZN

Proof. The first claim can be checked directly. Note that for the coefficients in the summa-
tion part of equation (2.20) we have —_~; > 0. Therefore, for f () := ming Y (t), we

have

OES: (1 E L

Combined with the fact 1, (0) > 0, this gives us the first claim. For the second claim, since
1,’s are nonnegative, we know that 7 axy, ¥ < 0 and this yields the desired result. The
third claim follows from linearity. We know that both i) 4 ¢ and ) — ¢ satisfy the equation
(2.20), and we also have (¢ 4+ ¢)(0) > 0 and (¢ — ¢)(0) > 0. Similarly to the first claim,

this gives us ¢ (t) + ¢r(t) > 0 and ¥, (t) — px(t) > 0, which completes the proof. O

We consider the following weighted Stieltjes transform

S =et S 2 gty G (2.21)

N sE(t) — 2 NN sk(t) — z

Let S;(z) denote the Stieltjes transforms of the empirical measure for the singular values
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Then the observables &, (z) and &,(z) satisfy the following stochastic advection equation
Lemma 2.7. For any Im z # 0, we have

e 2%

[
2N Z (2 — 2)*(z + 2) dt

—N<k<N

46, = (St(z) + %) (0:8)dt + (azze )dt +

_ L) % 329
* (1 f) ¢ (N;;N 202 (xy, — 2)(xg + 2)
ka e 3 U
_ _ Y4B,
+_N<Zk<N SUIc — Z (xk T Z)Q)] dt \/N _N§§N (xk — Z)Qd k

(2.22)

Recall that the Stieltjes transform of the empirical measure for singular values satisfies
the local law (2.15), so that the leading term of the stochastic differential equation (2.22)

satisfied by ét is close to

e .2 — —
i—l—zmMP( 2)=§—|—1 $ Z+\/(2Z; A% = Ay)

28
) + /(2 )\+)
2{’2

Thus, the dynamics can be approximated by the following advection equation

)+ /(2 —A4)
or = 252 0,r. (2.23)

In order to estimate the evolution of the observable, we analyze its dynamics (2.22) by
studying the characteristics of the approximate advection PDE (2.23), similarly to [HL19,
Bou22]. To do this, we first need some bounds on the shape of the characteristics (2;):>o0,
and some estimates for the initial value. We mainly focus on the case £ # 1, and the
adaptation to the square case £ = 1 is straightforward.

Recall that

z —

k(z) = min{

| o v}
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and denote

o9 = (s [V V) o (s [V VR

‘We consider the curve
S = {z:E+iy: VA 4+ N3 < B < /A, — g?N5, y = N?DT}

and the domain % := Up<;1{z: : z € S}

Lemma 2.8. Uniformlyin0 <t < land z = zy satisfyingn :=Im z > 0and |z—+/\y| <
VE&/10, we have

a(z)
K(z)1/2

Re (z; — z0) ~ t + 12, Im(z — 20) ~ ¢

In particular, if in addition we have z € ., then

2

(2 — 2) ~ (t N/f( 5 +t2) +ik(E)

NI

t,

where @ is the subpolynomial error parameter introduced in Section 2.1.3. Moreover, for
any k > 0, uniformly in0 <t < land z = E+in € [\/A_ + K,/ Ay — k] X [0,571], we

have Im (z; — zy) ~ t.

Furthermore, we have the following lemma regarding the growth of the characteristics,

which will be useful for the error estimates in the local relaxation.

Lemma 2.9. For any z = E +in € ., we have

/ds / pla) P2
N? |25 — :c]4max(/i(x), s?) ™~ max(k(F),t?)
Conditioned on the rigidity phenomenon, we have the following estimate for the initial
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conditions.

Lemma 2.10. In the set </, for any = = E + in € %, we have InGy(z) < o2 if
n > max(E — /A, —E + \/A_), and Im 60 z) < pl/? 27) otherwise. The same bound

also holds for |Im &|.

2.3.2 Local relaxation at soft edge

To prove the edge universality, we first have the following estimate for the size of the

observable ét.

Proposition 2.1. For any (large) D > 0 there exists No(D) such that for any N > Ny we

have

~ K(E)1/2 . —-D
P(ImGt(Z) S(pmax(/{(E)l/Q,t) forall0<t<landz=E+ine | >1-N"".

Proof. Forany 1 < ¢,m < N'° we define t;, = (N~ and 2™ = E,, +in,, = E,, +

iN~*ek(E,,)"1/2, where ff; dpmp = mN 10, Consider the stopping times

Tozinf{ogtglel—Ngngs.t. I56(t) — 7| > N~ 3+E(N+1—]k|)’§}

N2 Em 1/2
Tg7m:inf{ ty: < t( ) > /i< ) },
<

2 (k(En)Y2V ty)
T = min {Tg,Tg,m 0</t,m

o
IN
IA

S

N1 k(E,, )>N—§+4€},

with the convention inf () = co. We claim that it suffices to show that 7 = oo with over-
whelming probability.

To prove this claim, for any z € . and 0 < t < 1, we pick t, < t < ty,, and
|z — 2™ | < N~°. Note that the maximum principle Lemma 2.6 implies |1, (t)| < 1 for

all k and t. Then we have |G, (z) — &,(2(™)| < N=2. Also, note that for z = E + in we

27



have |S;(2)| < n !, and

0:8,(2)| S Nmax v ()l 2 S Ny,

~Y

Consider the events

()
/tz (s(v) — z(m))2dBk‘(U)

ty<u<tp41

Etmp = { sup < N_4} .
On the event ), £,m k. the above estimates imply that 16,(2m) — éw(z(m)ﬂ < N2 Tt

further shows that

‘Gt(z) . étg(z“n))‘ < N2,

Since this holds for all z and ¢, we have shown that

~ 9 K(E 1/2
(r = oo}ﬂ ﬂ Eomp | C ﬂ {Im@t(Z) =N W} '

1<6m<N10 _N<k<N 2€.7.,0<t<1

(2.24)

Moreover, note that

</ o )

tot1 2 ) ;
S/te (Sk<|$k(_v)z|(m)>4dv < N0 (N*1+4€) 4 (mgxwk(())’) < NO+16s

tot1

Using Lemma 2.1, we conclude that the event &, , happens with overwhelming proba-
bility. By a union bound, we further have that ﬂhm’k &rm i happens with overwhelming
probability. Together with the set inclusion (2.24), we conclude that the claim is true, i.e.
it suffices to prove 7 = oo with overwhelming probability.

To prove 7 = oo with overwhelming probability, consider some fixed ¢ = ¢, and

2 = 2M = E + in, and define the function f,(z) := &,(z_,). By Lemma 2.10, the

H(Em)1/2

(72 - 1o bound the increments,

initial condition is well controlled Im éo(z) < N*
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note that the dynamics (2.22) yields

dfurr(2) = €u(z-)d (W A T) — f/i > ( 10 SdB(uAT),  (2.25)

—N<k<N At—u — Sk(U))

where

- 1 ~ e 2 Ur(u)
€u(2) == (Su(2) —m(2))0.6, + m(azzeu) + N _NZ];QV (sx — 2)2(sp + 2)

By the local Marchenko-Pastur law (2.14), we have

sup

0<s<t /Os (Su(Ztiu) o m(ztfu)) azéu(ztfu)d(u A T)
ooN et
< /0 NIm (z¢—) NN |5k (1) — 24—y |?

© N¢Im éu(zt_u)
o N(Imz_,)?

d(u A T)

d(uAT)

(2.26)
< /t N%dy K(E)?
2 1
O (=gl ) (KU
< mEe
(k(E)2 V)
Also, we have
s . ¢ I ~ ~ E%
sup / _(azzGu(Zt—u))d(U/\T)' < m & (%) d(unT) < N—EL
o<s<t |Jo 4N

~ Jo N(Im(z_y))
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and

su
ogsgt 2 NN (s — 2t—u)?(Sk + 2t-u)
< — | — d(u AT
N Jo Im(z_y) _N§SN lsk(u) — z4—y|? ( )
L Im G, (2 E)z
< m Gu(z u)zd(u AT) S N_E—H( 1) .
o N (Im (7)) (B V1)

For the martingale part

e Vi (u)
M, = / dBp(u A1),
) VN G s AT
using the rigidity of singular values (Lemma 2.5), with overwhelming probability we have

2
sup |Ms|2,§N5/ = )P d(u A T).

N<k<N ‘Zt*“ - ’yk‘4

To estimate this integral, we chop the interval [—N, N] into 2N'~* subintervals I; =
kj, kj1] where k; = —N + [jN*¢]. We can bound the summation in the integral in the

following way

1 Y (w)|? 1
N Z ‘Zt [ ’yk| < Z (r’?eé}xwk( )) (rl?éa[x |Zt u 7]6’4) Zwk

—N<k<N 0<j§2N1*45 kel;

Using similar discretization arguments as above, we can derive

NGe
max |y, (u) < Z Ur(u

kel = N(k(yx,) Y2V u)’
and

max ————— < N~ 462
kel; |Z—u — Vil kel, |2t—u
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Therefore, we obtain

su M52<N2+9€// o(z)du < NF—r"~F.
S, 1M *2|ztu—a:|4 w(a) v ) el S N

Combining this estimate for the martingale term with previous estimates, a union bound

shows that with overwhelming probability we have

~ /2
(m) 2 H(E)
sup Im S pr (2 spr) S NE—rf——.
£,m,0<s<ty,k(Em)>p? N~2/3 e (k(E)Y? V1)

Now we have proved 7 = oo with overwhelming probability and hence the desired result

1s true. =

This estimate yields a rough control for the decay of ¢ (t), which will be an important

input for more refined estimates.
Lemma 2.11. Forall —-N <k < Nand 0 <t <1, we have

1 1
N ((N+]1V—|k|)1/3 V t)

lor(t)] < (2.27)

Proof. By Lemma 2.6, it suffices to control ¢ (¢). By the nonnegativity of ¢, (¢), we have

I &,(2) Z () Im > (t) Im z

I T () e E R P () Bl

which implies
[sk(t) — 2

Im z

Ve(t) < Im &4(2)

Lete > 0. For (N + 1 — |k|) > N'%, pick the point z = ~;, + iN k()% € 7.

In this case we have /ﬁ(wk)l/ 2~ (N%f‘k‘)l/ 3. Therefore, in the set .., by Proposition

2.1, uniformly for all —N + N1 < k < N — N and 0 < ¢t < 1, with overwhelming
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probability we have
N 1
N ((N+z1\r_|k|)1/3 V t) '

[¥i(t)] <

For (N + 1 — |k|) < N'%, without loss of generality we consider N + 1 — k& < N!0 In
this case, let kg = N — N'% + 1 and consider z = 7, + iN 1"k (vy;,) "'/, The same
argument results in a similar bound with a larger N2%¢ factor. By the arbitrariness of ¢, this

completes the proof. 0

A direct consequence of Lemma 2.11 is the following estimate of the local relaxation

flow at the soft edge.

Theorem 2.3. For any D > 0 and € > 0 there exists Ny > 0 such that for any N > Ny we

have

€

N
forallk € [N]int € |0, 1}) >1- NP,

— <
P (lon(X,0) - G0l 5 3

2.3.3 Local relaxation at hard edge

In this subsection we prove a quantitative estimate for the local relaxation flow (2.8) at the

hard edge. The main estimate in this section is the following.

Theorem 2.4. For £y > 0 arbitrarily small and any N~170 < t < 1, we have

1
|0'1<X,t) — 0'1(G7t)| = N_Zt (228)

To estimate @ (t) near the hard edge, we introduce the following quantity to approxi-

mate it. Let 7., = (%) with the convention v* = (v +i07),, and define

A= sy L M (o) @ - n©) e®)

2NTIm msc (7 NTen — M
Our goal is to prove the following estimates
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Proposition 2.2. Let 0 < ¢ < 1 be a fixed small constant. For ¢y > 0 arbitrarily small

with any N717% <t < land k € [(c — 1)N, (1 — ¢)N], we have

1

To obtain the optimal control for the local relaxation flow, we need to carefully estimate
@y, near the hard edge. A first step towards such estimates is given in the following lemma.

Lemma 2.12. Lete > 0and 0 < ¢ < 1. Forany (k,() € [(c=1)N, (1—c)N]? |E| < 2—¢,

and s, t,n € [N~ 1), in the set <., for = = E + in we have

o< e (L= s
80~ 2 S 3 (s + Weg ) 230

Im Sq(z)
2NIm Sy (z)

— Pu(s)

- |E — n+t—s|
<N (N(SA(n+t)) * N(SA(UH)))' (3D

Proof. By the properties of the Stieltjes transform mg.(2) (see e.g. [EY17a, Section 6])

and direct computation, we have
Immsc{'yltc) 21, ImmSC<’V;) 21,

and

|k — 1]

N +|s —t|. (2.32)

‘Immsc(’y};) - Immsc(%fﬂ + ‘712 - 7;‘ S’

In the set o7, the rigidity estimates imply that

|05(X) — 0;(G)] < N75¥E(N +1—|j]) 5.
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Then we have

1 7;(X) = 9;(G)
ﬁlm < Z —_— )

Renf)? + (Im )2

L(Irn’Yk) Z (N_+€(N t1- Ll

—N<j<N i 2N —j<j<N
< N1+E(Im,yt)/2 "i(x)_% dp ( )
~ ") s (x—Reqf)? + (Imqf)?
2
1
< N71+5 I t / d
SN | T R+ (e

< N71+5'
(2.33)

By triangle inequality, we have

1 . ;(X) = 0;(G)
<Im msc(’y}i) Im msc(’ﬁ)) : (—N%;SN Vi ")/]i > |

1 1
Im( t)—lm( S)
Vi~ Tk Yi— Ve

1

|Dr(t) — Pe(s)] < N

|05(X) = 0;(G)]

1
+ 2NTIm mec () Z

~N<<N

=. Il + ]2.

Using (2.32) and (2.33), we obtain

k=10 |s—t
I, S N¢ .
1S ( N2 + N

For the second term Iy, in the set o7, the rigidity and (2.32) imply that

t s
I < N 14+e Z N N+1 |j|)—% ﬁ}/k‘ 7@
N (v =) — %)
k— (| 2 , 1 1
5N‘1+€(|—+s—t) N‘3N+1—j‘3( + )
vorl) 2 ( 7D =l =il

~N<j<N

Recall from Lemma 2.8 that Im+! ~ ¢ and Im~; ~ s. Using a similar argument as in
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(2.33) we obtain

e (k=1 11 k=t Js—t
I, < N k=4 —t|) [ =+=) <N® .
23 ( Nt |> <t+s)"’ (NQ(sAt)+N(sAt)

Hence we have proved (2.30). For the other part (2.31), it can be proved via the same

arguments. [

As a consequence, we have a good control for the size of ¢y (¢) away from the soft edge.

This is based on the symmetric structure of {@y }.

Lemma 2.13. Lete > 0and 0 < ¢ < 1. Foranyt € [N~ 1] and k € [(c — 1)N, (1 —

¢)N|, with overwhelming probability we have

k

or(t)] S N°—-.
Bu(t)] S NP

(2.34)
Proof. A key observation is the following

Re ’Yt—k = —Rev}i, Im’Vt—k = Im’y};, Re mSC('Vt—k;) = —Re msc(’y};), Im mSC('Vt—k;) = Im msc{'ﬁc)-

Therefore, we have

~ B 1 . R . .
70 = 5N Msc(12) _N%;NI (%- - vt_k) (9,(X) = 0;(C)
- _ 1 Im ('Yt—k) . .
T 2NTmme (7)) _N%:SN (5 —Re(12,))" + (Im’ytk)Z( i(X) —04(G))
S Im (v;) o .
= 2N1mmsc(’}/};) NSZjSN (%‘ + Re (7;;))2 + (Im'yi)2( ](X> J(G))
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Using the symmtrization of the singular values, we further have

% b Im (v;)
P_r(t) =— (0_(X) — 0_;(Q))
QNImmsc(%i) —N;SN (v—; —Re (7,2))2 + (Im%tc)z J J
1 1
= —c Im(— (0 (X)—0 .(G
v 2 (5 ) e o)
1 1
=0 Im (X)) — a:(G
2NTm iy (71) _N<Zj<N (%, — %i) (0;(X) = 0;(G))
= —oi(t)
Consequently, by (2.30) we have
~ ~ . < ne 2k
[Br(t) = Pk(O)] = 2ABe(t)] S N5
This shows the desired result. ]

Finally, it’s straightfoward to derive Theorem 2.4 from Proposition 2.2 and Lemma
2.13. Thus, our primary goal is to prove Proposition 2.2.

We will prove the main technical estimate Proposition 2.2 via a bootstrap argument.
Definition 2.3 (Hypothesis H,). Consider the following hypothesis: For any fixed small
0 < ¢ < 1, the following holds for ey > 0 arbitrarily small. For any N7t < t < 1,
ke l(c—1)N,(1 —c)N]and v € [0, 1], we have

(Nt)*
N2t~

o () — Bu(t)] < (2.35)

Proposition 2.2 is derived via a bootstrap of the hypothesis H,. Specifically, we have

the following two lemmas.
Lemma 2.14. The hypothesis H; is true.

Proof. Recall from Lemma 2.11 that (2.27) implies that ¢\’ (£) < N~!. On the other hand,

from the definition (2.29) of ., using the rigidity and (2.33) we obtain $(t) < N~ thanks
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to the arbitrariness of €,. Therefore, the triangle inequality yields |g0,(€”) (t)—@r(t) <= N71,

which completes the proof. U

Lemma 2.15. If H,, is true, then H3q 4 is true, i.e.

w

v) . (Nt)T
A1) — @] < S

The self-improving property of the hypothesis ,, stated in Lemma 2.15 is the main
technical part of the proof for Proposition 2.2. We defer its proof to Section 2.3.4.
Finally, the optimal control (2.28) for the local relaxation flow at the hard edge follows

from these two lemma together with Lemma 2.13.

Proof of Proposition 2.2. Note that

01X, 1) — ou(G. 1) — Bilt) = / SO () — Gult) = / (e00) ~ 3) dv @36)

Consider an arbitrarily fixed 6 > 0, based on Lemma 2.14 and Lemma 2.15, after a finite

time of iterations, with overwhelming probability we have

lon(t) — Pr(t)] < N

This shows that for any fixed D and p, and for large enough NV, we have
) N 2p ~
E () - Bu0) < (35) +N7

By (2.36) we obtain

1 5\ 2P
B (Iou(X,6) = u(G.0) ~ Bu0) < [ B (o) - i) v < () + N7
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We choose p = D /6 and D=D+ 100p, and then the Markov inequality yields

N N26 b
P (I0n(X.0) = u(Gt) = Gu(0] < 35, ) > 1 NP,
which completes the proof thanks to the arbitrariness of § and D. U

2.3.4 Proof of the Bootstrap Argument

The proof of Lemma 2.15 is a delicate task. The key part of the proof is a careful analysis
of the dynamics. The main idea is to approximate the dynamics with a short-range version,
which will be easier to control. To do this, we show the finite speed of propagation estimate
for the short-range kernel of the parabolic-type equation (2.20) satisfied by {¢y}. Then we
prove a short-range approximation of the original dynamics and introduce a regularized
equation. Finally, we show that, with a well-behaved initial condition, the regularized
equation gives us the desired good approximation.

To begin with, the core input of the bootstrap argument is the following technical
lemma, which states that the estimate of the local average will improve along with the

induction hypothesis H,,.

Lemma 2.16. Assume H,. Let b > 0 be any fixed small constant. For any 0 < t < 1, any

g0 > 0 arbitrarily small and z = E + in satisfying N~1T50 < n < 1,

E| < 2—1b, we have

_« Im Si(2) (Nt)>* 1
| — —1 — 2.37
M O] = gy () o)) ( N7ty | Nt 2.37)
Proof. Fix t and consider the function
uwl
gu(2) = 6Gulz_y) — €72 mGO(Zt)Su(zt_u), 0<u<t.

Im Sp(2¢)

An observation is that e=%/25,(z) satisfy the same stochastic advection equation (2.22)
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with ¢y, replaced by ﬁ Therefore, we have

dgu = (Su(zi-) — Mac1-4) (azeu(zt_@ e %azsu@_u)) du
1

_% IHI GO(Zt)
+ (0236u(zt_u) e~ 502 8zzSu(zt_u)) du
N 01 (1)

. (2.38)
_N<k<N (Sk(u> - thu)Z(Sk(U) + Zt,u> Y

ez Or(u)
NI 745

_N<k<N ) = Z-u)
where

Or(u) = pr(u) — %

Similarly as in the proof of Proposition 2.1, for e > 0 and 0 < ¢,m,p < N1, define
ty = (N and 2™ = E,, + in, where [*" dp = mN~10 and 5, = N~1+4 4 pN 10,
We also pick ¢ > 0 such that [ (1 — ¢)N] = argminy |, — (2 — 33)|. Assuming H,,, let

€9 > 0 be the arbitrarily small scale in the hypothesis. Let C' > 0 be some suitably large

constant. Recall the stopping times

To Zinf{0§u§ 1:3—=N <k <N st |sp(u) — % >N‘§+€(N+1_ |]€|)—%}
1 = inf

NC’& 1
N7 <y <1:3—N<k<N st |op(u)| > N ((Nt1-|k]
((T)l/3 V“)

and consider the new stopping times

7y = inf {N‘H“’ <u<1l:3ke[(c—1)N,(1—c)N] st |or(u) — P(u)| > Ncé—(Nt)a} :

Nt~ 1
Ttomp = inf {0 <u<t: ‘Imgqg“)(z(m’p))‘ <~ NCe ((]\/2277 m)}

T = min{7y, 71, T2, Tomp : 0 < £,m,p < N |E,| <2 — b}
Recall the convention inf () = co. As shown in the proof of Proposition 2.1, it suffices to
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show that 7 = oo with overwhelming probability.

A key ingredient for the analysis of the dynamics of g, is the following estimates on
0 (u). To do this, we fix some ¢ = ¢, and z = 2(™P) with |E,,| < 2 — b, and let N =10 <
u<tATandk € [(c—1)N,(1—c¢)N].

On the one hand, we have a direct a priori estimate. Since v < 77, we have
[pr(w)] S NTHTCE(N + 1 — [k|) 5.
Moreover, note that for z = E + in with E in the bulk and ¢ < 1, uniformly we have
Im Sy(2;) 2 1. By Lemma 2.10, this shows

Im 60 (Zt)

T S NTHE S NTEYOR(N 41— [R|)7S,

As a consequence, we have
105 (w)] S N73FCS(N + 1 — [k]) 5. (2.39)

On the other hand, the estimate can also be obtained via approximation

16 ()] < lr(u) = Grlw)| + |Prlu) — §5(6)] + |@5(1) — ;v%os(j(tz)t) |

For the first term, since u < 75 we have

(Nu)®

-~ Ce
[on(u) — Few)] < N
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Choosing |y; — E| < N~'*% the remaining two terms are controlled by Lemma 2.13

e (1) — 20 | < e ’
[@iu) = &5(E)] + 25(1) 2NIm So(z) | ~ N2y + Nu + Nt +Nt
—E| t—u n
<NCE h/k .
~ ( Nu * Nu +Nt

Together, we decompose the error terms into two parts and obtain the following

—E t—u n  (Nu)® [y, — E
0 < NC¢¢ [ Loy ) = N E =Ly Aa, Nt
)] < ves (1Bl Loy G —E et
(2.40)
With the above control on 6y (u), the dynamics (2.38) can be used to bound Im (g; — go)

similarly as in Proposition 2.1. For the first term, we have

tAT _u ImGy(z
/() |Su(2t7u) - msc(ztfu” aZGU(th’U,) —€e 2 Ws((z:))azsu<ztu) du
tAT NCE 6
< |0k (uw)] du
(2.41)
tAT NCE 0 0
< Z |0k (u)| _+ Z |0k (u)] _ | du
o NIm(2) Ik|>(1—c)N Ve — Zt—ul k< (1—c)N Ve — 2t
= [1 + IQ.
For the soft edge part |k| > (1 — ¢) NV, using (2.39) we obtain
c tAT 1 +C L
I, < N*¢ _ N737(N +1—|k|)"3d
< /ommw SN
[k|>(1—a)N
1 (2.42)
< N¢¢ :
/ NIm (zt w)
Ce 10g(1 + Nt)

<N
- N
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For I,, note that

Z |01 (u))| < NCe Niu Z e —El LA Z 1

_ 2 _ 2 Tve — 2 |2
k|<(1—c)N h/k Zt7u| lkl<(1—¢)N h/k Zt— u’ Ik|<(1—c) ’P}/k‘ Zt,u‘

1 A
<o (Lo
U n+t—u

This yields

" N |0k (w))|
- _ PRV g
/1+50 NIm (z;_,,) Z “

_ 2

tAT 1 1 A
gNCE/ —(——I—N—)du

N-1te0 N(n+t—u) \u n+t—u

AT 1 1 1 t—u n  (Nu)®
< N¢¢ — |-+ N — d
- /N_HEO N(n+t—u) (u+ 77—|—t—u<Nu +Nt+ N2y )) "

NBe 1
< NCE ( .
= ( Nety Nt)

Moreover, without loss of generality, we may assume that £y ~ . Then, using (2.39) we

(2.43)

obtain

N 1+eqg Ce Ce
N () N
N O g« 2.44
[ vmey, 2 ENgryr W

[kl<(1—a)N [ = Ze-ul?

Together with previous estimates, this shows

tAT u IIII GO(Zt) C (Nt)a
—u)~ lsc —u AT —u) 2 zPu —u SN y
/0 |Su(Zt—u) —Msc(2t—u)| [0:6u(21—0) — € ImSo(zt)a Su(zt—y)| du (NQWI
(2.45)
Similarly, we have
AT w Im S (2) (Nt) 1
2z —u) T zzMu —u d <NC€ N7
/0 1 |2 Oulz) — e e TN OeSulziu)| du < (N%n +Nt)
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and

e () e (1
w2 e — 2 r) + oy | S s (N?m +Nt)

—N<EkEZN

/t/\T
0

It suffices to bound the martingale term

M, / ¢ o) g,
N<k<N (5k(u) = Zt-u)

Again we decompose the integral into two parts

A== =y A v Lt

1| >(1—c) W’“ =zl k|<(1—c) m’ =zl

= Jl + Jg.

The contribution from the soft edge is easy to control

NC’a 3 1 2 at
/ 3 Ns(N+1—|k\) ) du < N

|[k|>(1—c)N

For the other term, we use both (2.39) and (2.40)

NCe [ 1
J2 S N2 Z 4du

NCE tAT 1 |'7k_E|2 1
— A ) A | du.
L 2 e (e )

A k|<(1—¢)N

Note that
NCs tAn 1 1 NCs tAn 1 NCz—:
~3 Z —4dU < — —3dU < YOR
N J, N |k — Zt—u] N Jo Nn+t—u) N2t

[k|<(1=¢)N

For the other term, without loss of generality we may assume 7 < ¢. For the %2—@ term,
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we have

NCe 1 E 2
/ 4(|7k22’ /\—2>du
T Jkl<(1—c) w1 = 2l Nu N

< NCS NCE/ Z 1 |’7/€ . E|2du
NCE t 1 x2

< NCE dr | d

_N2t2+ /nN2u2 (/_ux4+(77+t—u)4 :B) “
NCE

= N22'

For the contribution of A(a, N, t,n,u), we have

1 1
7 (AP A —) du
/’7 k|<(1 |7k b ( N2
NCS 1 (t — u)2 (NU,)QQ 7]2 1

< a7,
/’7 k<(1Z )N |k — Zt—ul* [( N2u? + N4y2 + N2¢2 Nz | dv

K 1 (Nu)?> 7 (t—uw)? 1
< N A d
< [ v+ v+ (i ) o

The first two terms in the bracket give us

/t 1 (Nu)?® n n? du < (Nt)* N 1
u .
, (77 +t— U)S N4u2 N2t2 - N4t2772 N2t2

For the remaining term, we have

/nt (n+ tl— u)? <(t1\7_252>2 Jé) d

t

N2
1 (t —u) du<lOgN

2 1 1 t
<[ = 4
_/,] (m+t—u)? N2 u—i—/; (n+t—u)® N2u? - N2

Combining these results shows

Ce (Nt>2a 1
<M>t/\7' < N (N4t2772 + N2¢2 |-
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Using Lemma 2.1 and a union bound, for any fixed large D > 0 and sufficiently large

N > Ny(e, D), we have

IP’( sup |MS|SNCE((Nt) +i>> >1- NP

2
0,m,p0<s<tNT,| Em|<2—b N?tn ~ Nt

Together with previous estimates, with overwhelming probability we have

(Nt)* 1
w gy v (M0, 1Y,
f,m,p,ogsgt/\r,|Em|<2fb’ )l N2ty Nt

This implies ming,, ,{77m,} = oo with overwhelming probability. Moreover, we have
shown in Lemma 2.5, Lemma 2.11 that 7y = oo and 7; = oo with overwhelming prob-
ability. Assuming the hypothesis H,, we also have 72 = oo with overwhelming proba-
bility. These imply that 7 = oo with overwhelming probability. Hence we complete the

proof. ]

Now we move on to the short-range approximation of the dynamics. Recall that {;}

satisfies the parabolic equation (2.20), and we rewrite it as

d

E@k = (73@)1@

where the time-dependent operator P is defined in the following way: For f : R — RV,

(Phe =D ein®(fi(t) = fult), cin(t) = QN(Sj(t)l_ sk(t))?

JFEk

Consider some parameter | = [(N, ) which will be determined later, we decompose the

operator P into two parts P = Pgport + Piong. The operators Pypore and Pion, represent the
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short-range interactions and long-range interactions respectively and are defined as follows

(Parori £ = Y en(®)(fi(t) = fil®)),

lj—k|<l
(Plongf)k = Z Cjk’<t)<fj(t) - fk(t))
|l7—k|>1
Note that the operators Paport, Plong are also time dependent. Let Fpno(s,t) denote the

semigroup associated with the operator Pk, in the sense
8tt7.sh0rt(87 t) - 7Dshort (t) %hort(su t)? Zhort(sa 8) = Id.

Also, let 7 denote the semigroup associated with P.
To prove the short-range approximation, we need the following finite speed of prop-
agation estimate for the semigroup. Such estimates were proved in [CL19] with minor

changes.

Lemma 2.17. For any fixed small ¢ > 0 and large D > 0, there exists Ny(c, D) such
that the following holds with probability at least 1 — N~P. For any e > 0, N > N,

>

O<u<v<llI>Nlu—v

k| <(1—c¢)N and —N < j < N such that |k — j| > N¢|,
we have

(2h0rt(ua U)5k> (]) < N_D' (246)

With Lemma 2.17, we have the following short-range approximation estimate. In par-

ticular, this short-range approximation can be improved based on the hypothesis H,,.

Lemma 2.18. Assume H,. Let ¢ > 0 be any fixed small constant. There exists a constant

L<wu<wv<tl> Neand

C' > 0 such that for any e > 0, N7 < ¢ < 1, L

|k] < (1 —c¢)N, we have

N(Nt)o‘+ 1).

(7 00) = Faana. ) ] < 0= 0 (T 5o+ 72 2.47)
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Proof. The Duhamel’s principle implies

(T (w,v) = Taort (u, ) p(w)),, = / (Faort (8, V) [(Prong #) (5)]),, ds.

On the event that Lemma 2.17 holds, for |k| < (1 — 3¢) N, the finite speed of propagation

yields

(Zhort(sa U)[(Plong ()0) (S)])k = (%hort(sa U)[(Plong ()0]]-[(20—1)]\[,(1—26)]\]]) (S)])k + N_Da

where (pLc—1)N,1-20)N]); = PiL[2e—1)N,(1—20)n](j). Moreover, using the property that

Tenort 18 an L™ contraction, we have

(7 (1, 0) = Taort (u, 0)) @(w)) ]| < u =] sup (Piong %), (s)| + N77.
|71<(1—2¢)Nu<s<v
(2.48)
For |i] < (1 — ¢)N, assuming H,, and on the event that Lemma 2.12 holds, there exists a

constant C' > 0 so that

i) — 23(3)] < lnls) — Buls) Hos(s) — Bo()] +1Buls) — B(s)] < N ((M)a Ll ') .

N2t N2t

For |i| > (1 — ¢)N, Lemma 2.11 yields

l0i(5) — 3(5)| < lgils)] + | (s)] S NT5HCE(N +1 - |i])75.

47



Therefore, using rigidity of singular values, we have

- pi(s) = @;(s)
(Plong@)j (s) = |i—zj|:>l 2N (si(s) — s4(s))?

SN ! <(Nt) +|Z_‘7|>+N‘1+CE S NN+ 1)

“—~ (i—7)2 \ N2t N2t ,
[i—j|>1 li|>(1—c)N
N (Nt)> 1

< NC& o S

~ ( [ N Nt)

Combined with (2.48), this implies the desired claim with |k| < (1 —3c¢)N. Note thatc > 0

is arbitrary, and thus it concludes the proof. OJ

Further, we will show that we have nice control for a regularization of the short-range
dynamics with a well-behaved initial data. To do this, we follow the techniques developed
in [BY17]. Consider some fixed times v < ¢, the short-range parameter /, and define an
averaging space window scale r. Throughout the remaining parts of this section, for any

fixed arbitrarily small € > 0, we make the following assumption on these parameters

l

N3 (t —u) < N2O€N < N'%r < t. (2.49)

For a fixed index k, as in [BY 17], we define the flattening operator with parameter a > 0

by
fitv) if]j—k[<a

(Faf); (0) == foru <wv <t,
Pr(t) if|j—k|>a
and the averaging operator

1
(Af); = TN, 2N/ ae{}%m] (Faf);

As shown in [BY17, Equation (7.4)], the averaging operator can also be represented as a

combination of Lipschitz function, i.e. there exists a Lipschitz function h with |h; — h;| <
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li—jl
N such that

(Af); = hyf; + (1= hy)pr(t). (2.50)
Finally, for u < v < ?, consider the regularized dynamics

d
&Fj(v) = (Pshort(v)r)ja

[(u) = Ap(u)

The following lemma shows that the averaging the regularized dynamics gives good

approximation for Q.

Lemma 2.19. Assume H,. Let ¢ > 0 be any fixed small constant. There exists a constant
C' > 0 such that for any ¢ > 0, N7 < nt < 1, % <u<wv<tl> Ng

J.k € [(2¢ = 1)N, (1 — 2¢)N] such that |y; — vi| < 10r, and z = ~; + in, we have

1 Fz<U
Bl i 1
oN Z si(v) — o Z si( (V)
li—jl<l li—jl<l
r n (Nt 1l Nn N{t—u) 1
L LT/ A Ul A B IO
<(Nﬁ]\ht e \n T P ) @D

Proof. We decompose the upper line of (2.51) into three parts

1 Fl(?]
—I _ I =L+L+1
m Z . m Z 5(0) — 2 or(v) 1+ 1o + I3,

li—jl<l

where

fhort(u U).AQO(U) - A short(u v)90<u))z
I =3 NIm > 5:(0) = 2
) —

li—jl<l
_ (ATort (u, v)p(u) — AT (u, v)p(u)),
= 2NI z;'d si(v) — z
_ 1 (AT (u,v)p(u)); — er(v)
Iy = o-1m >
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For the first term [;, Note that

(Fanort (u, v) Ap(u) — ATipors (U, U)QO(U))I =

1
m Z (%hort(ua 'U).FGQO(’U,) - Fa%hort(’“, U)QO('U/))Z .
’ a€[Nr,2Nr]

When |i — k| < a — N, we have
(FaTanort (1, 0)p(1)); = (Fanort (1, V)p (W),

and the finite speed of propagation (2.46) yields

(Fanort (4, ) Fatp(1)); = (Faore (u, v)p(w)); + N~

This gives
(%hort(ua U)Fa‘p(u) - Fae?short<u>v)90(u))i < N_D

Similarly, this bound also holds in the case |i — k| > a + N°I. Now suppose a — N¢| <

li — k| < a+ N°¢I. Applying (2.30) and Hypothesis H,,, we obtain

|(=7Sh0rt(u, ’U).Fa@(u) - fa%hort(uv U)@(U))A

< . Gt N-D

N m:\\m—rﬁ?ﬁgmez pm(v) — Gi(t)] +

< PN 5 (6) — Bu(t)] + N-D

> m:\\m—lﬁéﬁgm\[sl |¢m(v) @m(v)| + m:||m—rllcl\%§\§2N5l |Q0 (’U) (pk,( )| +
NO* 1+ (t—u)

< NC& ( '

- ( N2 TN

Combined with the estimate above, this implies

I ((NO)* 7+ (t—u)
Ce
L=NT% ( Nt T T NE ) (2.52)
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For the term 5, note that [i — j| < [ implies |i] < (1 — ¢)N. Therefore, using the
Lipschitz representation of the averaging operator (2.50), the short-range approximation

(2.47) gives us

(AT hort (1, ) p(u) = AT (u, v)p(u));|

N (Nt)> 1
< | (Fanort (1w, 0)p () = T (u, 0)ip(w)); | < NO(t = w) (7 (Na)t + m) |
This shows
i N (Nt)* 1
I, < N(t —u) (7 e —Nt) : (2.53)

Finally, for the term I3, by the Lipschitz representation of the averaging opeator (2.50),

it can be rewritten in the following way,

k 1 hj \U) — Ak ()
Im _N;N — (V) Sl .Z;l (¥ (Si)_ Zso (v))
+§%hn%4d(m—4w%?fz—@ﬂm>+§%ﬂmH§;f1_hg€?§L—¢Mm>

= J1—|—J2+J3+J4.

Using (2.31) and (2.37), we control .J; in the following way

’U

o Im S, (2) Im&p(2,)
J, < ﬁ (ImG (z) — 2m1m 60(%)) +Im S, (2) (m - 901@(”))

Nty 1 ptr
<NC€ ( .
- <N3t77 +Nzt+ Nt )

51



Applying (2.30) to estimate .J5, we obtain

— Z ) (|90z( ) — @i(v)] +|Pi(v) — Pr(v)])
\z J|>z !
NC= n (NO)* i — g
N |%zj|:21 (vi —v3)2+m ( N2t N2t NQt)

NtH)*Nn  n r
<NC€ ( - _r _ .
- ( N2t +Nt+Nt)

Similarly, by the Lipschitz property of {h;}, we estimate .J5 as follows

1 7 i —jl ((NO)* [i—j]  Nr
Jo < —
5 =9N 'Z|<l (vi —v)?+n* Nr N2t + N2t + N2t
i—j
I ((Nt)* r (Nt)~ 1 r
<NC€_ NS _ <NC€ NS _ .
= Nr<N2t+Nt>_ (N?t Nr N

Using the same arguments, by (2.30), we have

NC= n t—w r
Iy < < N9 —.
TN 2 (vi—v)?+n* Nt = Nt

li—jl<i

Together with the previous estimates, this leads to

Nt)* (1 Nn 1
Lence( o, L Np 1
3% (stJersJr N2t \Nr 1 Vg

Combined with (2.52) and (2.53), we obtain the desired result. [
Finally, we have all the tools to prove Lemma 2.15.

Proof of Lemma 2.15. We fix some small ¢ > 0 and consider an arbitrarily small ¢ > 0.
Throughout the whole proof, we do all estimates on the overwhelming probability event

where Lemma 2.17, Lemma 2.18 and Lemma 2.19 hold. For a fixed index k& € [(2¢ —
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1)N, (1 — 2¢)N], we have

|ok(t) = Tr(®)] < [((F (w4, ) = Fanort (1)) 0 (w)) | + [(Fanore (u, 1) (0(w) = T(w))) -

By the definition of the averaging opeartor, we know that I'(u) = Ap(u) = ¢(u) on the
set {j : |7 — k| < Nr}. Therefore, combined with the finite speed of propagation estimate
(2.46) for the second term and the short-range approximation (2.47) for the first term, we

obtain

NH)* N 1
|or(t) — Ti(t)] < NO(t — u) ((NQ)t n *m) + N7, (2.54)

It suffices to estimate |y (¢) — @k (t)]. Consider the function

M) = max (Ti(v) = Bu(0).

Similarly as in Lemma 2.6, we can show a parabolic maximum principle for M and conse-
quently M decreases in time. Moreover, note that I';(u) = @ (t) if |i — k| > 2N7r.

Let j = j(v) to denote the index that attains the maximum. If there exists a time
u < v < tsuch that [j — k| > 3N, then in this case the finite speed propagation (2.46)
gives us

M(t) < M(v) =T;(v) — gp(t) < N20%, (2.55)

On the other hand, now we assume that |j(v) — k| < 3Nr for all u < v < ¢. In this case,

we have

d P Li(v) — Fj( < b —T(v)

dv (T(v) = &) = |izj:<l 2N (s;(v) — s;(v 2N zl: (si(v) — 8] (v))2 +n?
This gives us

(00 - Bult) < ﬁm b Z(IZ(U_) . 2]1Vn1m i(v)l — |
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and therefore

d - 1 (1 Li(v 1 1 5
P (T(v) — @e(t)) < E ﬁl S si(v) — z B WI P si(v) — 2 )
L im Y ) @) - )
n 2N i<l 32(“) -z
i e Y | @ - 1)
n\ 2N li—jl<l i(v) = ]

Applying Lemma 2.19 and Lemma 2.12 yields

d 1 N (7 n  (Nt)* [ 1 Nn  N(t—wu) 1
—MHh <M — 4+ L S AT S A T
dv ()5 n (v)+ n (Nt+Nt+ N2t (NT+ l + l +N77 ’

where the left-hand side represents the right derivative of M at time v. Let n = (t];f ). then

above inequality leads to

M(t)gNCs(L+(Nt>a(l L Ne—w 1 ))

Nt ' N2t \Nr l N(t—u)
Choosing .
= 0T s, (e = B (256)
then we have .
Nt)T
M(t) < NC= NQ):

Similarly, this bound also holds for — max_y<;<n (I';(s) — @x(¢)). Combined with (2.54)

and (2.55), this completes the proof. 0
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2.4 Green’s Function Comparison

Following the general three-step strategy in the dynamical approach, the derivation of the
rate of convergence relies on both the relaxation and the Green function comparison theo-
rem from [EYY12]. In the context of sample covariance matrices, this Lindeberg exchange
strategy based on the fourth moments matching condition was first used by Tao and Vu
in [TV12]. To obtain an explicit convergence rate, we need a quantitative version of the

comparison theorem.

2.4.1 Soft edge

For the statement, we consider a fixed |[E—\, | < @ N~2/3, ascale p = p(N) € [N~} N~2/3],

and a function f = f(N) : R — R satisfying
1F P oo ey < Cep™, Nf PNz s pr ey = O(1), 0<k <2

where B+ = E + @N~%/3. We assume that f is non-decreasing on (—oo, E*], f(z) = 0
forz < Fand f(x) = 1for E+ p < x < E™; and also assume f is non-increasing on
[Et,0), f = 0for x > E* + 1. Furthermore, let F' be a fixed smooth non-increasing

function such that F'(x) = 1 for z < 0 and F'(z) = 0 for z > 1.

Theorem 2.5 (Quantitative Green function comparison). There exists C' > 0 such that
the following holds. Let XV, XV be data matrices satisfying assumptions (2.1) and (2.2),
and HY, HY be the corresponding sample covariance matrices. Assume that the first three
moments of the entries are the same, i.e. forall1 <i < M,1<j< Nand1 <k < 3we
have

EY(zF) = E¥(2F).

1) 1
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Assume also that for some parameter t = t(N') we have
Ev(\/ M!L‘Z‘j)4 — EW(V M(L’Z‘j)4) S t.
With the above notations for the test functions f and F, we have

1 1 1
|mKWWanﬂmns&(ﬁﬁm+§;+aﬁﬁ+ﬁg.

Proof. We follow the notations in [PY 14] and the reasoning from [EY 17b, Theorem 17.4].
Fix a bijective ordering map on the index set of the independent matrix elements, ¢ :
{(4,j) 1 <i< M 1<j <N} —{l,---,MN} and define the family of random

matrices X,,0 <~y < MN

(XY if @(i,5) >,

[Xv]ij =

Note that in particular we have Xy = XV and X,y = XV. Denote sample covariance
matrices [, as

H, = X:X,.

Let x be a fixed, smooth, symmetric cutoff function such that x(x) = 1if |x| < 1 and
x(z) = 01if |z| > 2. By the Helffer-Sjostrand formula, if \;’s are the (real) eigenvalues of

a matrix H, we have

Zf()\i):/cg(z) Tr o dm(z),

—Z

where dm is the Lebesgue measure on C, and the function g is defined as

Ly )x() + 1 (@) + i f @)X W), ==+

om

9(2)
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Define

This shows that it suffices to show

<3 \ v

NTE® TN, T (N

¢/ t 1 1
[EF(E") — EF(E" )] < 2 ( -+ ﬁ) (2.57)

For an arbitrarily fixed  corresponding to (7, j), we can write
X, =Q+V, V=X EW X, =Q+W, W:=X3E,

where () coincides with X,_; and X, except on the (3, j) position (where it is 0). We define
the Green functions

R=(QQ—27" S:=(H,_1—2)""
By Taylor expansion, for some fixed order m, we have

EF (=0 - Ep(=Hy-1) = EF(Z)(EQ) =H, _ =Q\! =Hy_1 _ =Q\!
(E™) (E%) = 0 (E"-29'-(= =9)")
=1 )

+O0 (|IF™ ) (E ((E" =29 4 (E-1 —Z9)™)) . (2.58)

First we estimate the m-th order error term. For a matrix M, we denote ||M | =
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max; ; | M;;|. By the first order resolvent expansion we have

|:‘H'y _ :Q|
= =

< / 92 TR(2)(V'Q 4+ Q"V + V*V)5(2)| dm(2)
ly|>N—1|z|<A4+2

< pON 915 (2) oo 1 F2(2) [loodn(2)

[y|>N=1 |z| <Ay +2

with overwhelming probability, where we use the fact that there are only O(/N) nonzero
entries with size O(N 1) in the matrix V*Q+Q*V +V*V. By the strong local Marchenko-

Pastur law ([PY 14, Theorem 3.1]), for any D > 0 we have

1 Im mmp(y)
P (m]ax |Sjj(z> — mwmp(2)] + I?j}gilsjk(zﬂ < QOC (N_y + N—y

>1-N"P.
Same bound for || R(2)||~ also holds (see [PY14, Lemma 5.4]). This shows that
E(2 — 29" = 0 (¢O/(N"p™), BE" —29)" = 0 (¢C/ (V™).

Therefore the m-th order term in (2.58) can be bounded by ¢ N ~2(N~—"+2p=m),
Next we consider the first order term in the Taylor expansion. By the resolvent expan-

sion, we have
S=R—-—RA'R+ (RAV)QR— (RAV)3R_|_..._ (RAV)HR—i— (RAV)1257
where
A =VQ+QV+V'V.

Denote

~

R = (—1)"F(RA")"R, Q, :=T7T(RA")"S.

v
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Then we have

EF/(2°) (2% — M)
— EF'(29) / 4(2) (Z (ﬁgm - ﬁggﬂ) (- Qw)> dm(z).

Since the first three moments of the two matrices are identical, we know that the case n = 1
gives null contribution.

For n = 2, note that the entries of the matrix A satisfy the following relation

,
TijTip ifa:j7b7éj’

Ay = ZijTia ifa#j,b=7,

0 otherwise.

This shows that

JU / ?
E(RY — RY)) < N (N2> <maX|Rwl) (ml.aX|Rn|> )

where we used that in the expansion

(RAV Z Z Rkal A(ll b1 Rb1a2 Aagbg Rbgk

k  ai,b1,a02,b2

- Z Z Rk’al Aa1b1 Rblaz Aa2b2 szk

(a1,b1,a2,02)#(5,4,5,4)

+ ZRkJAV Rj; A% Ry,

due to the moment matching condition, the terms that make nontrivial contribution are only

in the second summation, which is
4
> R Ry Rin(X3)"
k
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Here we also use the fact that the contribution for the terms with & equal ¢ or j is combina-

torially negligible. By the local law, we conclude

EF'(=Q) / 9(2) (R@ - zfzgf)) dm(z) = O <¢;t) / !%ZiLdm(z) ~0 (]“”V—CZNL/)) .

For the terms n = 3, ..., 11, as explained in [PY 14, Lemma 5.4], their contributions are of

smaller order. Similarly, for the term (€2, — 2y,), as shown in [PY 14, Lemma 5.4] we have

Q, = O(N~*). Therefore we have

EF'(=9) /g(z) (Q — Q) dm(z) = O (%Nigp) ~0 <z¢v_02) ((Nlp)z + %) .

Moreover, as explained in [EY17b, Theorem 17.4], the contributions of higher order
terms in Taylor expansion are of smaller order. By taking m = 20, we can ensure that the
error caused by Taylor expansion will be dominated by other terms (we will see the detailed
reason in (2.73) in the next section). Combining all estimates above gives us (2.57). Finally,

a telescopic summation yields the desired result. [

2.4.2 Weak local law and hard edge

For a fixed constant a € (1,2), let p = p(N) € [N~%, N~'] be a cutoff scaling. Let 7 > 0

and consider two symmetric functions f;(z), f2(z) that are non-increasing in |z|, given by

0 if|z] >rN-1 0 if|z]>rN-1+p
filz) = , fa(@) = :
1 iflz|<rNt=p 1 ifla] <rN™!

Also, consider a fixed non-increasing smooth function F' such that F'(z) = 1 for x < 0 and
F(z)=0forxz > 1.
A key observation is that the functions fi, fo and F' can bound the distribution of the

smallest singular value o;(X). For any function f : R — R, we denote Tr f(X) =
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Zi]\;_N f(az(X)>

Lemma 2.20. We have
E[F (Tr fo(X))] <P (01(X) >rN7") <E[F (Tr 1(X))], (2.59)

Proof. For the right-hand side, assume oy (X) > rN~!. By definition of the function f;,
we have Y% f1(03(X)) = 0, which implies F(Tr f;(X)) = 1. Also note that F' > 0.
Therefore, we conclude 1 {o;(X) > rN~'} < F(Tr f1(X)) and this yields

P(o1(X)>rN") =E[1{o1(X) > rN '} <E[F(Tr f1(X))].

The left-hand side can be proved similarly. 0

When estimating the distribution P (o4 (X) > rN~!), thanks to the rigidity of singular
values, we can assume r < NN° without loss of generality, where ¢ > 0 is a constant that
can be arbitrarily small. Based on Lemma 2.20, to compare the distribution of the smallest
singular values of different random matrices, it suffices to compare the functions Tr f; and
Tr f,. In the remaining part of this section, we provide a systematic treatment of such a
comparison.

Pick a point £ € R with 0 < £ < N~ Let f(x) be a smooth symmetric function

that is non-increasing in |z| satisfying

0 if|z|>E
flz) = ,and [|[fW) SpFfork=1,2.  (2.60)

1 ifjz| < E—p

For the test functions f and F' defined as above, we have the following quantitative com-

parison of the resolvents.

Proposition 2.3. Let X and Y be two independent random matrices satisfying (2.1) and

(2.2). Assume the first three moments of the entries are identical, i.e. E[X}] = E[Y}}] for
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all1 <i,7 < Nand1 < k < 3. Suppose also that for some parameter t = t(N) we have
E[(VNX;;)"] — E[(VNYy)Y]| <t, foralll <i,j<N. (2.61)
With the test functions f and F' defined as above, there exists a constant C' > 0 such that

the following is true for any € > 0

[E[F(Tr £(X)) ~ E[F(Tr £(Y))] < N <p L+ tpN“) oo

Proof. The key idea is based on the Lindeberg exchange method (for a detailed introduction
we refer to the monograph [EY17a, VH14]). We first fix an ordering map of the indices
¢:{(1,7) : 1 <i,5 <N} — [N?]. For 0 < k < N?, let Hy, be the random matrix defined

as

Xij i (i, j) <k
(Ax)ij = :

Y,; otherwise

so that Ag = Y and Ay2 = X. By telescoping summation, it suffices to show the following

is true uniformly in 1 < k& < N2,

[E[F(Tr f(A))] — E[F(Tr f(Ap-1))]| < ]jvi (p]1\[2 - (pé? —|—tpN“> (2.63)

To prove (2.63), we use the Helffer-Sjostrand formula. Let x be a smooth symmetric
cutoff function such that x(y) = 1if |[y| < N~ and x(y) = 0if |[y| > 2N~%, with

. 2 i . . . .
|X[lc0 < N°. For any matrix A € {A} ]kvzo, let H denote its Girko symmetrization

_ 0 AT
A=

A 0

Recall that the symmetrized singular values {o;(A) }ZN:_ y are the eigenvalues of A. With
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the cutoff function y, applying Lemma 2.2 to A yields
Tr f(A) = / g(2) Tr(A — 2)~ d?z, (2.64)
C

where d?z is the Lebesgue measure on C and

Ly @x() +1 (@) +igf (@) X @), ==+

9(z) = — |

The analysis of the comparison can be proceeded in the following steps:

Step 1: Approximation of Tr f(A). We first truncate the integral in (2.64) and define

T(A) = /|>N2 g(2) Tr(A — 2)'d%z.

The approximation error can be bounded by

2

1 y
ITr f(A) = T(A)] S //|ZJ|<N2,E<|m|<E+p |f" ()] Z Py P yi)|2dxdy

~N<k<N

1 1 1
< — . dz.
/E<w<E+p p*N? <N2 2 o — (z + #)P)

—N<k<N

For singular values near the origin, i.e. [k| < N, we have

1
/ —pde < / N%dz < pN2.
E<|z|<E+p oy, — (v + N)| E<|z|<E+p

On the other hand, for |k| > N, by the rigidity of singular values, we have the following

overwhelming probability bound

1
/ i 2d:13 < - 2°
E<lal<E+p |0k — (T 4+ 5] B — ]
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Combining the above two bounds together, we obtain

NCe 1 1 NCe 1 1 1 NCe
_ < 4= E < —_ <
ITr f{4) = T(A)] < ,0N2jL N+ |E— | ™ pN2+pN3 (NZ (k/N)2> ~ pN?

P |k|>NCe

with overwhelming probability.

Step 2: Expansions and moment matching. With the approximation by 7 (A), it suffices

to show that

[ELF(T(Ap))] = E[F(T (A=)l S

N ([ (pN)? a
N2 (W—i_tpN) (265)

uniformly forall 1 < k < N 2. Now consider a fixed 1 < w < N? corresponding to the

index (1, j), i.e. ¢(i,j) = w. We rewrite the matrices A, and A, in the following way

1

1
U, Ayt =W+ —V,
/—N 1

A, =W+ JN

where the matrix IV coincides with A,_; and A, except on the (7, j) entry with W;; =
0. Then note that the matrices U,V satisfy U;; = v/ NX;; and V;; = V/NYj; and all
other entries are zero. Recall the notation A for the Girko symmetrization. Consider the

resolvents of the matrices IV and ﬁw
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We first control the term corresponding to the fifth derivative. By Lemma 2.3, the first order

resolvent expansion gives us

1 1 1 ~

Consequently,

TrS(z)UR(z)| d2=.

1
T =Tl oo [ )

We can restrict the integral on the domain {z = z + yi: N2 < |y| < 2N~ E < |z| < E + p}
as the contribution outside this region is negligible. Moreover, a key observation is that the

matrix U only has two non-zero entries. Thus,

T(Ay) = TW)| < N%JFCE/ lg(2)] <maX ]SM(Z)O (maX ’ng(2)|)d22
N=2<|y|<2N -2, E<|z|<E+p kL 7y,

I / 9(2)] (max i (2)l) (max | Ri(2)]) 2.
N-2<|y|<2N-a,E<|z|<E+p k k

Note that in this integral domain, the scale of |y| is smaller than the natural size of the local
law. Therefore, we will use a suboptimal version of the local semicircle law for a larger
spectral domain, which was discussed in [EKYY 13, LS18]. For z = = + iy in this integral

domain, with overwhelming probability we have

1 1 I sc
max | Sis(2) — Oy mac(2)] < N (\/_N + \If(z)) W) = 5y e T]’\;y(z),
The same result also holds for Ry,(z). By Lemma 2.4, we have W(z) < \/Lny for z in the

integral domain. Note that the contribution of the diagonal resolvent entries is negligible.

Therefore, with overwhelming probability we have

IT(AL) — T(W)| S NNV / 1902)] g2, < ooyt 80

N=2<|y|<2N-e,E<|z|<E+p Ny
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Similarly, this bound also holds for |7 (A1) — 7 (W)|, and we obtain

Ce

E[(T(Au)=T(W))’] § 75

Hence the fifth order term in (2.66) is bounded by

O(IF™|oe) E [(T(Au) = T(W))* + (T (Aur) = T(W))*] £

Now we consider the first term & = 1 in the Taylor expansion (2.66). Denote

D 1 p(m (_1)m rT\m 1 7
R:= TR, RUM = ~— THRU)™R, Qx =~ Te(RU)’S,
and also define
A = TV roymR, 0 = - LRV (AL, - o)
= i Oy = TRV (A — )7

Using the resolvent expansion (Lemma 2.3) up to the fifth order, we obtain

A Similar expansion also holds for (A,_; — z)~'. Then we have

E[F(TW)) (T (Aw) = T(Au-1))]

~& |P(r(v) |

ly|>N—2

(2.68)

A key observation is that for 1 < m < 3, the terms Eﬁ”’ and ﬁgﬂ ) only depend on the

first three moments of X;; and Yj;. Recall that the first three moments of X;; and Y;;
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are identical. Therefore, the terms corresponding to 1 < m < 3 in (2.68) makes no

contribution.

Step 3: Higher order error. For the m = 4 term in (2.68), note that

TI(RU)4R - Z Z Rfoﬂ Ua1ﬂ1 R51a2 Ua2ﬁ2R52a3 Ua3ﬂ3R53a4 Ua454 RBM'
1<U<2N {ag,Br}={i+N,j}
(2.69)
A similar formula is also true for Tr(R1~/)4R. Note that typically we have ¢ # «; and
¢ # [, but we may have 31 = «q, f2 = a3, f3 = a4. Moreover, the terms with either
¢ =1+ N or { = j are combinatorially negligible in the summation and therefore we can

ignore these terms in the following computations. Recall that the difference between the

fourth moments of X;; and Y;; is bounded by ¢. Thus, we have
~ ~ ~ - 2 3
E |N(RY — R%] - E [Tr(RU)4R - Tr(RV)“R} < Nt (1235 |Rk£|) (m]?x |Rkk|) .

As mentioned above, for the integral in (2.68) we can restrict the integral domain to N2 <

lyl <2N~*and E < |z| < E + p. In this region, the entries of the resolvent are bound by

maxyze | Rie(2)| S Nf;; and maxy, |Rix(2)] < N. As a consequence,

~

BT [ aon R - R

NC&
< yoel 9] g2, < N7 ne). @.70)

N N=2<|y|<2N -, E<|z|<E+p Ny N

For the term 2y — {2y, since these terms involve the higher moments of X;; and Y};,

we simply bound it by the size of {2y and €2y-. By a similar expansion as in (2.69) and the
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local law, we have |Qx|, [Qy| < NN—CyE Therefore,

e[ [

y|>N—2

g(z)Nngd22:|

Ce a Ce a\5

N < . (271
N—2<|y|<2N~2 E<|z|<E+p Ny N2 \/N N2 \/N

The same bound also holds for 2y-.

Finally, as explained in classical literature of random matrix theory (see e.g. [EY17a,
Theorem 17.4]), the contributions of higher order terms in the Taylor expansion (2.66) are
of smaller order. Consequently, combining (2.67), (2.70) and (2.71) yields the claim (2.65),

which implies the desired result (2.62). [

2.5 Quantitative Universality

2.5.1 Extremal eigenvalue at soft edge

Recall the normalizing constant -y defined in (2.3). Let s € R. If |s| > ¢, due to the rigidity
we know that for any D > 0 and large enough N, we have P (YN?#(Ay — ;) < 5) =
P(TW < s) + O(N~P). So in the following discussion we assume |s| < ¢.

Denoting a non-decreasing function f; such that f,(z) = 1 for x > A\ + sy ' N2/
and fi(z) = 0forz < Ay + sy ' N72/3 — p. We also define fy(z) := fi(x — p). Then we

have

N N
EuF (Z ﬁ(&)) <Py (An < Ay + 87 N3 <EyF (Z fM)) L@
=1

=1

Moreover, as discussed in [EYY 11, PY14], we can find an M x N matrix )Z'o such that
the Gaussian divisible ensemble X; 1= e~t/2X, + (1 — e )Y2Xq, where X is a matrix

whose entries are independent Gaussian random variables with mean O and variance 1,
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satisfies the following: for 1 < k < 3,

E(VMXy)F =E[X]l,  [E(VMXy)' - EX)}| S

~ 7"

7
By the quantitative Green function comparison theorem 2.5, we obtain the following bound

al 1 t 1 1
E : C
i=1

<Py (Ay < Ap +s7 'N7¥) <
N
1 t 1 1
Egz F A Nms =+ + = | -
" (Z“ ))W (7 55+ T )

Using (2.72) for )~(t, the estimate becomes

1 t 1 1

P- (Av < A AN )y O o T

Xt(N + 187 p) b N18p20+Np+(Np)2+N2
< Py (/\N < )\+ + SV_IN_2/3> <

1 t 1 1
P (Ay < A —1—2/3 O — =)
Xt( N + 187 +p)+g0 N18p20+Np+(Np)2+N2

After combined with the edge relaxation Theorem 2.3, the estimate now gives us

Pwishart (nyQ/?’()\N —A) <s— Y N2/3p — %)
_(pC (;—Fi%—;%—i)
NEp20 " Np ' (Np)2 ' N?
<Py (YN2(Ay —Ay) < 5) <

yN*
PWishart (’VNQ/B()‘N - )\—f—) < s+ ’YNQ/?’p + Nl/St)

Lo L ot 1 o1
¥ N18p20 Np (Np)2 N2 :
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Moreover, as shown in [EK06, Mal2], we know
Pwishart (YN?2(An — Ay) < s) = P(TW < s5) + O(N /%),
By using this Wishart result and the boundedness of the density for TW, we obtain

Py (YN*3(Ay — Ay) < 8) = P(TW < s)

1 1 t 1 1
N TN TN, TN TN

= O (N?) <N2/3p + ) . (2.73)
The optimal bound N ~2/9+¢ is obtained for t = N~/? and p = N—%/. This completes the

whole proof for Theorem 2.1.

2.5.2 Smallest singular value at hard edge

Using the quantitative comparison theorem (Proposition 2.3) and the smoothed analysis
(Theorem 2.4), we now prove the quantitative universality.

For a general random matrix X satisfying Assumptions (2.1) and (2.2), there exists
another matrix X, that also satisfies the same assumptions such that the matrix X] :=
e 2 X{ + (1 — e~*)'/2@ has the same first three moments as X and the difference between
the fourth moments (in the sense of (2.61)) is O(t). This is guaranteed by [EYY 11, Lemma
3.4].

Lemma 2.20 and Proposition 2.3 yields

a)3
E[F(Tr fo(X)))] — N°¢ (pNQ —I—t,oNa) <P(01(X)>rN7")
a\b
F(Tr fi(X]))] + NC <p11v2 + (pévﬁ) -I—tpN“) . 274
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Using Lemma 2.20 for X with f; and f, shifted by +p, we have

N pN? /N

5P<01(X£)>L—p>+NCE< L

P(n(X) > 5 +p) -V ( i O “pNa) <P (n(x) > 1)

a)5

tpN* | . (2.75
N N7 m+p> (2.75)

Using smoothed analysis Theorem 2.4, we have

. (“l(G) A L) - ( O “PNQ> <P (m(x)> L)

N N2t pN2 = /N
r 1 1 (pN®)°
<P — —p——— | + N N ). (2.7
< (Ul(G) > P N%) + (pN2 s +tp (2.76)

Taking p = N~ t = N% 2 and setting a = 1 + §, we obtain the optimal bounds

P (Noy(G) > r + N~%) — N2 <N‘1+5 v N—%> <P(Noy(X) > 1)

<P(Noy(G) > r = N7%) + N (N0 v N3 @77)

Hence, thanks to the arbitrariness of ¢, we have proved Theorem 2.2.

Finally, for the complex case, using the exact formula for the distribution of o1 (G¢c),

we obtain a rate of convergence to the limiting law. Recall that
P(Noy(Ge) <7r) = / efde=1—e"".
0

Proof of Corollary 2.2. For the complex case, the previous arguments are still valid. There-

fore, we still have (2.77). Since No;(G¢) has a bounded density, we have

P(Noy(Ge) <7) — N (N2 + (N7 v N712)) <P (Noy(Xc) <)

P(Noy(Ge) < 1)+ N (N7 + (N7 v N72)) (2.78)
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Choosing § = 1/2, we obtain the optimal estimate
P(Noy(Xc) <r)=1—¢" + N 2t

which proves the desired result. 0

2.6 Largest Eigenvalue with General Population

In this section, we proceed to generalize our previous results for sample covariance matrices
of type X*X (which corresponds to the identity population) and aim to derive the rate
of convergence to the Tracy-Widom distribution for the (rescaled) largest eigenvalue of
separable sample covariance matrices with general population. Throughout this section,
we will follow the notations and the setup in the the work by Lee and Schnelli [LS16].

Let X = (z;;) be defined as in (2.1) and (2.2). For some deterministic // x ) matrix
T, the sample covariance matrices associated with data matrix X and population matrix

Y :=T*T is defined as Q := (T'X)(TX)*. Note that the M x M matrix Q and the matrix
Q= X*2X

share the same non-trivial eigenvalues. Besides avoiding trivial eigenvalues, the matrix () is
sometimes more technically amenable than Q. For more detailed explanations, we refer to
[DY18]. Since we are studying the largest eigenvalue of the sample covariance matrix, it is
more convenient to work with the matrix (). We denote the eigenvalues of () in increasing
orderby py < --- < un.

As mentioned previously, for the null case (i.e. the population matrix is identity), it
is well known that the empirical eigenvalue distribution of a sample covariance matrix
converges weakly in probability to the Marchenko-Pastur law. Under the general setting,

however, this result need to be modified and the limiting measure (called the deformed
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Marchenko-Pastur law) will depend on the spectrum of the population matrix. Let s; <

- < spr be the eigenvalues of the population matrix ¥, we denote by p = p(M) the

empirical eigenvalue distribution of X, which is defined as

M
pP = M Z (5 85
7j=1
The deformed Marchenko-Pastur law py. is defined in the following way. The Stieltjes

transform M. of the probability measure is given by the unique solution of the equation

1
& e da(t)

A~

me(z) =

, Immg(z) >0, z€C*.

It has been discussed in [KY17] that my. is associated to a continuous probability density
Pre With compact support in [0, co). Moreover, the density pg. can be obtained from . via

the Stieltjes inversion formula
. ol :
pic(E) = lim —Im mg(F + in).
o

The typical location of the largest eigenvalue, which is the rightmost endpoint of the support
of the density pr is determined in the following way. Recall that £ := N/M, we define £,

as the largest solution of the equation

[ (e o=

We remark that &, is unique and &, € [0, s;,]. We then introduce the typical location for

the largest eigenvalue £, by

_ 1 - e
B, = E (1+§ 1/1_t£+dpfc(t)>. (2.79)

Now we state our assumptions on the population matrix X that are needed to prove the
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explicit rate of convergence. For general random matrices X we require X to be diagonal,
and we will show later this diagonal condition can be removed if X is Gaussian. We further
need the following assumption for the spectrum of the population matrix .. Throughout

this section, we assume the following:

liminfs; >0, limsupsy < oo, and limsupsy&y < 1. (2.80)
M M M

The assumption (2.80) is the same as [LS16, Assumption 2.2]. It is first used in [BPZ15,
KY17] to prove the local deformed Marchenko-Pastur law. In particular, the last inequality
ensures that the density pr. exhibits a square-root behavior near the right edge of its support,
which is crucial to derive the local law.

It is natural to note that with a general population matrix, the distribution of the largest
eigenvalue should not behave exactly like the null case. Besides the typical location of the
largest eigenvalue is changed, the normalization constant of the fluctuation is also different.
Therefore, we introduce the following normalization constant 7, given by

1 1 t 1
- = do| . 2.81
v 5/(1—t5+) P+ @ (81

Moreover, we remark that the Tracy-Widom limit for the general case is rescaled and it is

not the same as the previous one we used for the null case. However they differ only by a
simple scaling so that we do not emphasize this difference and still use the notation TW to
denote this distribution. Under this framework, our main result given in Corollary 2.1.
Unlike the proof for the null case in the previous sections, we will not strictly follow the
three-step strategy in the dynamical approach. Instead, we use the comparison theorem for
the Green function flow, which is a method based on continuous interpolation, linearization

and renormalization developed in [LS16].
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2.6.1 Local deformed Marchenko-Pastur law

For completeness, we will briefly introduce the local deformed Marchenko-Pastur law.
Though we will not give a detailed proof, we emphasize that the local law is an indis-
pensable part to prove the Green function comparison Proposition 2.4, which further leads
to the edge universality.

For small nonnegative c, e > 0 and sufficiently large £, < C' < oo, we consider the

domain
D(c,e) i ={z=E+ineCr:E; —c<E<CN " <n<1}.
We also denote k = k(E) := |E — E|. Then we have the following estimates for the

density and the Stieltjes transform of the deformed Marchenko-Pastur law.

Lemma 2.21 (Theorem 3.1 in [BPZ15]). Under the assumption (2.80), there exists a con-

stant ¢ > 0 such that

ﬁfc(E) ~ 4/ E+ —F Fe€e [E+ — 20, E+]

Moreover; the Stieltjes transform mg. satisfies the following: for z € D(c,0), we have

n
Pee(2)] ~ 1, Img(z) ~{ VAT

VE+n, fE€[Ey —c EL+n).

ifE>E, +n,

The Green function and the Stieltjes transform are defined in the usual way:
1 1
Go(z) =(Q—2)"", mg(z):= N TrGo(z).

Then we have the following local law for the separable sample covariance matrix ().
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Lemma 2.22 (Theorem 3.2 and Theorem 3.3 in [BPZ15]). Under the assumption (2.80),
for any sufficiently small ¢ > 0, and for any (large) D > 0, there exists No(D) > 0 such

that for any N > Ny(D) we have the following estimate uniformly in z € D(c,€):

€

P (Ime(z) - u(2) < 3y

)>1—N‘D,
n

and

~ € IIIlT/T\LfC(Z) 1 _
P (rggxm@)ij(z) ~bye()| < N ( Il N_n>> S

It is clear to see that the estimates for the deformed Marchenko-Pastur law (Lemma
2.21) and the local law (Lemma 2.22) are greatly similar as the corresponding results for
the null case (see e.g. [PY14, Theorem 3.1]). In the framework of the Erd&s-Schlein-
Yau approach, the proof of edge universality essentially only depends on the local law.
Since the integrable Gaussian model has Tracy-Widom fluctuation at the edge, heuristically,
this deformed local Marchenko-Pasture law implies the Tracy-Widom limit in the edge

universality for the non-null case.

2.6.2 Interpolation flow and Green’s functions

In classical theory of random matrix universality, the tool needed to prove the edge univer-
sality is the Green function comparison theorem. The usual approach is to compare two
ensembles with some moments matching conditions, and then use the construction of Gaus-
sian divisible ensembles together with estimates of the local relaxation flow to remove the
moments matching requirement. In this section, however, we do not follow this traditional
step. Instead, we compare the Green function of a general ensemble with its corresponding
null sample covariance matrix. This argument was first introduced in [LS15] to handle the
deformed Wigner matrices, and used in [LS16] to identify the Tracy-Widom limit for gen-

eral separable sample covariance matrices. The basic idea is to introduce a time evolution
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that deforms the population matrices continuously to the identity and offset the change of
the Green function by a renormalization of the matrix.
Recall the normalization constant 7, defined in (2.81). We consider the following two

rescaled matrices

Y=Y, Q:=X"YX.

We also denote the eigenvalues of @ by 17 < -+ < pun, and let Ly = yFE,. We
remark that in the literature about sample covariance matrices with general population (e.g.
[BPZ15, EKO07, LS16]), the scaling of the Tracy-Widom distribution is chosen in the way

such that it is the limit for the distribution of the (rescaled) largest eigenvalue of the matrix

W= VE(1+ /)X X.

Specifically, we order the eigenvalues of the matrix W by \; < --- < Ay, and let M
denote the rightmost endpoint of the rescaled Marchenko-Pastur law for 1. It has been

shown in [BPZ15, equation (1.9)] that

Yo = VEL + /) +0(1).

This can be regarded as a good motivation for considering the normalization constant ;.
For the diagonal population matrix ¥ = diag(s;), we introduce the following time

evolution ¢ — (s,()) that deforms X to the identity matrix / and the Green function flow

by

+(1—e), Q) =X*T(t)X, (2.82)

and

1 ~

mg (2) = N Tr(Q(t) — )™t

Based on the local law Lemma 2.21 and Lemma 2.22, and a delicate analysis for the time
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derivative of the Green function for @ (t), the Green function comparison theorem (see
Proposition 2.4) is proved in [LS16]. We note that though the original estimate in [LS16]
is not explicit, a careful examination of the proof will reveal that the result is actually

quantitative.

Proposition 2.4 (Theorem 4.1 in [LS16]). Let ¢ > 0 and setn = N~2/3~¢. Let By, E, € R

satisfy By < Ey and |Ey|, |Ey| < N72/3%, Let F : R — R be a smooth function satisfying
max |[FO(2)|(|z| + 1) <C, 1=1,2,3,4.

Then for any (small) § > 0 and for sufficiently large N we have

Es
‘EF (N/ Immg(z + Ly + in)d$)

£y

B :
-EF <N/ Immw (x + My + in)dx) < N—st%Ete,

Eq

2.6.3 Deriving the rate of convergence

In this section we can finally prove Corollary 2.1. The proof is based on our previous rate
of convergence for the null case (Theorem 2.1) and the estimate on the comparison theorem

for the Green function flow (Proposition 2.4).

Proof of Corollary 2.1. We first remark that we are not supposed to use the rate of conver-
gence for the null case (Theorem 2.1) and the triangle inequality in a naive way to derive
the convergence rate for the general case. This is because Theorem 2.1 is obtain by choos-
ing the optimal parameters in the estimate (2.73), and the scale parameter p in (2.73) is also
related to the scale in the Green function comparison (Proposition 2.4). The optimal param-
eter in Theorem 2.1 may be suboptimal in Proposition 2.4, and therefore the naive triangle
inequality does not produce the optimal estimate. To illustrate this link more clearly, we

first briefly review how Green function comparison is used to obtain the edge universality.
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We introduce a smooth cutoff function K : R — R satisfying

1 ifz <1/9,
K(z) =
0 ifa>2/9.

and we also define the Poisson kernel 6,,, for > 0

o Ui
O, (x) := TE)

Let E, := L + ¢“N~?/3, and denote x5 := lip p,). Fore > 0, let | := 1N~2/37¢ and
n := N72/379 Then for any (large) D > 0, it is proved in [LS16, PY14] that for large

enough NV we have
EK (Tr(XE,l R M@)) <P(jix < E) <EK (Tr(XEH x en(é))) LN (2.83)

Here the parameter [ plays the same role as the p in (2.73), and therefore we have N ¢ =
N?/3pand n = N72/3N%p°. By the Green function comparison Proposition 2.4 and the

[LS16, Theorem 2.4], we have

P (N2/3()\N — M) < 3) _ N5 H4Bets <P (NQ/B(ﬁN — L)< S)

<P (NP — M) <s) + N—3+45e+8
This gives us

d (N (un — E4), N**(Ay — M) < NONV3N—30p745, (2.84)
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Combined with (2.73), by triangle inequality we finally obtain

dk (% N*3(uy — E4), TW)

<dk (WN(un — E+), N*3(Ax — My)) +d (N*(A\y — M), TW)

1 N~s 1 t 1 2
< N[ N"3N—30,~%5 L N3 — 4+ N3 |.
< ( p T+ p+ y + N8 % + Np + (Np)? + 3

The optimal result is obtained now by choosing p = N 3/46 and t = N~15/%6_ which gives
us

dk (N3 (un — Ey), TW) < N5+,
This completes the proof. 0

Based on the Corollary 2.1 for diagonal population matrices > and general random
matrices X, we can easily obtain the following result for the case in which we can have a

general population if the random matrix X is restricted to be Gaussian.

Corollary 2.3. Let () := X*YX X be an N x N separable sample covariance matrix, where
X isan M x N real random matrix with independent Gaussian entries satisfying (2.1), and
. is a real positive-definite deterministic M x M matrix satisfying (2.80). For any ¢ > 0

and large enough N, we have
dk (Yo N??(uy — E;), TW) < N-mste

Proof. Under these assumptions, we know that the population matrix X is diagonizable,
i.e. there exists an M x M real diagonal matrix D and an N x N orthogonal matrix
U such that > = U*DU. Since X is a matrix whose entries are independent Gaussian
random variable, we know that U X is also a real random matrix with Gaussian entries
satisfying the assumption (2.1). Therefore, by applying our Corollary 2.1 to the matrix

XXX = (UX)*D(UX), we will get the desired result. O]
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Chapter 3

Resampling Sensitivity of
High-Dimensional PCA

3.1 Introduction

The study of stability and sensitivity of statistical methods and algorithms with respect
to the input data is an important task in machine learning and statistics [BE02, EEPKOS5,
MNPRO6, HRS16, DHS21]. The notion of stability for algorithms is also closely related
to differential privacy [DR14] and generalization error [KNO2]. To measure algorithmic
stability, one fundamental question is to study the performance of the algorithm under re-
sampling of its input data [BCRT21, KB21]. Originating from the analysis of Boolean func-
tions [BKS99, GS14], resampling sensitivity (also called noise sensitivity) is an important
concept in theoretical computer science, which refers to the phenomenon that resampling
a small portion of the random input data may lead to decorrelation of the output.

In this work, we study the resampling sensitivity of principal component analysis (PCA).
As one of the most commonly used statistical methods, PCA is widely applied for di-
mension reduction, feature extraction, etc [Joh07, DT11]. It is also used in other fields
such as economics [VKO06], finance [ASX17], genetics [Rin08], and so on. The impact of

noise on PCA is a significant problem in statistics and machine learning, and has been
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a subject of extensive research. The performance of PCA under the additive or mul-
tiplicative independent perturbation of the data matrix has been well studied (see e.g.
[BBAPOS, BS06, Pau07, BGN11, CLMWI11b, FWZ18]). However, the influence of re-
sampling on the outcome, as a distinct form of data corruption, remains poorly understood.
In this paper, we aim to address this issue for the first time. Here, we emphasize that the
resampling of the input data may not have any structure, and the specific resampling pro-
cedure is given in the next subsection. Our primary findings reveal that PCA is sensitive to
resampling when the population covariance matrix of the data lacks a strong signal. In such
cases, even resampling a negligible portion of the data can cause a significant alteration in
the resulting principal component, rendering it orthogonal to the original direction. Con-
versely, when the population covariance of the data possesses a strong spike, the planted

signal acts to stabilize PCA.

3.1.1 Model and Main Results

Let z1,...,2z, € RP be independent random vectors with covariance matrix 3 € RP*P,
ie. E[ziz]] = X. The sample covariance matrix of the data z,...,z, is defined as
H = % S z;z;, and the principal component of the data refers to the unit eigenvector
corresponding to the top eigenvalue of the sample covariance matrix. Equivalently, we can
rewrite the sample covariance matrix as H = (X'/2X)(X'/2X)T, where the square root
matrix $'/2 is well defined via the spectral decomposition and X € RP*" is a random
matrix whose columns have an isotropic covariance matrix. The assumptions on the data

matrix are stated as follows.

Assumption 3.1. Let X = (X;;) be an p x n data matrix with independent real valued

entries with mean 0 and variance n™",

Xij = TL_I/QZL‘Z']‘, E[IEU] = 0, E[J]Q] =1. (31)

vy

82



Furthermore, we assume the entries x;; have a sub-exponential decay, that is, there exists

a constant 0 > 0 such that for u > 1,
P(|zi;] > u) < 6 exp(—u?). (3.2)

Note that we do not require the i.i.d. condition for the data. The sub-exponential decay
assumption is mainly for convenience, and other conditions such as the finiteness of a
sufficiently high moment would be enough.

Motivated by high-dimensional statistics, we will work in the proportional growth

regime n < p.

Assumption 3.2. Throughout this paper, to avoid trivial eigenvalues, we will be working
in the regime

lim p/n=¢& € (0,1) or p/n=1.
n—oo

In the case lim p/n = 1, our assumption p/n = 1 is due to some technicalities in ran-
dom matrix theory. Specifically, our proof relies on the delocalization of eigenvectors in the
whole spectrum. As one of the major open problems in random matrix theory, delocaliza-
tion of eigenvectors near the lower spectral edge is not known in the general case with just
limp/n = 1 [AEK14b, BEK" 14]. The strictly square assumption p = n can be slightly
relaxed to [n — p| = p°0 (see e.g. [Wan22]), but we do not pursue such an extension for
simplicity.

For the population covariance matrix X, we are interested in the spiked covariance

model, which was initiated by Johnstone [JohO1].
i=1

where r is a fixed integer, the constants {0;};_, represent strengths of the signals, and

{y:};_, is an orthonormal basis of eigenvectors. It is well known that the BBP phase
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transition [BBAP05, BGN11, BKYY16] affirms that if ; > +/&, then the i-th spike will
give rise to an outlier of the spectrum of the sample covariance matrix H. When all 7; <
V&, we call it a weakly spiked model and in particular when 3 = I, we call it the null
model. On the other hand, if o; > /€ for some 7, we call it a strongly spiked model.

In our work, due to technical reasons, we assume that the population covariance matrix

is diagonal.

Assumption 3.3. The population covariance matrix is diagonal, i.e. ¥ = diag(dy, - - - ,d,)
with constants dy > --- > d,, > 1. Moreover, the population covariance matrix differs from

the identity by a finite rank, i.e. |{i : d; # 1}| = r for some fixed integer r.

The reasons for the diagonal assumption on the population covariance are two-fold: (1)
our proof hinges on several technical results in random matrix theory such as delocalization
of all eigenvectors and Tracy-Widom concentration of the top eigenvalue, etc. Beyond
the null model, these results are only known in the case where the population covariance
matrix is diagonal [BKYY 16, DY18], etc. (2) The diagonal population covariance implies
that the entries in each data vector z; are independent. In this way, when implementing
the resampling procedure, the diagonal assumption makes resampling of the original data
Z = [z1,...,2,] equivalent to resampling of the entries in X. This facilitates the model
easier to state and the analysis more tractable.

We order the eigenvalues of the sample covariance matrix H := (X!/2X)(X!/2X)T
as A\ > --- > ), and use v; € RP” to denote the unit eigenvector corresponding to the
eigenvalue \;. If the context is clear, we just use A := A\ and v := v; to denote the largest
eigenvalue and the top eigenvector. We also consider the eigenvalues and eigenvectors of
the Gram matrix H := (£/2X)T(21/2X). Note that H and H have the same non-trivial
eigenvalues, and the spectrum of H is given by {\;}7, with \,;; = --- = A, = 0. We
denote the unit eigenvectors of H associated with the eigenvalue )\; by u; € R". Writing
U=[u, - ,u) € R andV = [vy,---,v,] € RP*P, then these eigenvectors may be

connected by the singular value decomposition of the data matrix 3'/2X = VSUT, where
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S :=diag(oy, - - ,0,) with o; = y/); corresponds to the singular values. For convenience,

we also denote o := ;. And therefore, up to the sign of the eigenvectors, we have
(21/2X)Tvi = \/ )\iui, (21/2X)ui = \/ /\sz

We now describe the resampling procedure. We first emphasize that resampling the
data Z = [z, ...,2,] is equivalent to resampling the matrix X as the diagonal assumption
of the population 3 ensures that the entries in a data vector z; are independent. For a
positive number k& < np, define the random matrix X*! in the following way. Let S, =
{(i1,01), -, (ig, k) } be a set of k pairs chosen uniformly at random without replacement
from the set of all ordered pairs (i, &) of indices with 1 <i < pand 1 < o < n. We assume
that the set S, is independent of the entries of X. The entries of X!*! are given by
X . if (i, ) € Sy,

1,0
Xm otherwise,

where (X ,)1<i<p1<a<n are independent random variables, independent of X, and X ,

(]

has the same distribution as X, ,. In other words, X!* is obtained from X by resampling

k random entries of the matrix, and therefore X!

clearly has the same distribution as
X. Let H¥ = (212X (Z/2X)T be the sample covariance matrix corresponding
to the resampled matrix X/, Denote the eigenvalues and the corresponding normalized
eigenvectors of HI! by A[lk} > o0 > )\Lk] and v[lk], . ,vz[,k]. When the context is clear,

the principal component is just denoted by A*l and v[*]. Similarly, denote the eigenvector

of the Gram matrix H¥ := (£1/2X[K)T(531/2X[¥)) associated with the eigenvalue AM by

ul.

The sensitivity and stability of PCA crucially depend on how strong the planted signal in

the spiked covariance is. To measure the strength of the spikes in the population covariance
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matrix, we define the set of outlier indices

O:={i:d;>1+/¢}

If O = (), then the model is weakly spiked. On the other hand, if O =# (), the eigenvalues
with indices in O will be an outlier.
For the weakly spiked model, with the resampling parameter in two different regimes,

we have the following results.

Theorem 3.1 (Weakly spiked model: sensitivity). Suppose the data profile X, 3 satisfy
Assumptions 3.1, 3.2 and 3.3 with O = 0, and let X¥! be the resampled matrix defined
as above. For any ey > 0, if k > n®3T%, then the associated principal components are
asymptotically orthogonal, i.e.

lim E ‘(V,V[k]>’ =0, and lim E |(u, u[k})} = 0. (3.3)

n—oo n—oo

Moreover, in the null model, the threshold for k can be improved to k > n®/3,

Theorem 3.2 (Weakly spiked model: stability). Suppose the data profile X, 32 satisfy As-
sumptions 3.1, 3.2 and 3.3 with O = 0, and let X¥ be the resampled matrix defined as

above. For any €, > 0,

max  min /v — svl 250, (34)
1<k<nd/3—¢0 se{-1,1}

where 2% means convergence in probability. The same result also holds for u and ul*.

These two theorems together state that the critical threshold for the resampling strength

is of order k =< n°/3. Note that n°/3 compared with the total number of inputs np =< n? is
negligible. We show that, above the threshold 1n%/3, resampling even a negligible portion

of the data will result in a dramatic change of the resulting principal component, in the
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sense that the new principal component is asymptotically orthogonal to the old one; while
below the threshold, a relatively mild resampling has almost no effect on the corresponding
new principal component. If considering the eigenvector overlaps | (v, v/*)| and |(u, ul*l|,
these quantities exhibit sharp phase transitions from 1 to 0 near the critical threshold k£ =<
5/3

n

We want to make two concluding remarks for the weakly spiked model:

e The phase transition stated in the above theorems is not restricted to the top eigenvec-
tors v, vi¥l u, ul¥l. With essentially the same arguments, we can prove that for any
fixed m > 0, the m-th leading eigenvectors v,,, VL’:J and u,,, ugﬁ exhibit the same

phase transition at the critical threshold of the same order n°/3.

e Although the resampling procedure is done uniformly at random for all entries, the
proof proceeds as well if we choose to resample the columns. If we resample K
columns uniformly at random, then all results are still valid with the threshold K =

n?3.

Finally, we turn our attention to the strongly spiked model. In contrast to the weak
signal case, for the strongly spiked model, the spike forces the principal components to be
correlated with the planted signals. As a direct consequence of the BBP phase transition, in
this case, PCA performs better stability than in the weakly spiked model in the following
sense:

Suppose the data profile X, X satisfy Assumptions 3.1, 3.2 and 3.3, and let XI¥) be the
resampled matrix defined as above. If O # 0, for any i € O and k > 0, almost surely we

have

’(VZ',V[k]>‘ >1—-411-

%

(3.5
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3.1.2 Related Literature

The resampling sensitivity of the leading eigenvector for Wigner matrices and Erd6s-Rényi

graphs has been studied in [BLZ20, BL22]. The problem discussed in our paper shares

a similar prototype, and in particular the threshold k =< n°/3 for the stability-sensitivity

transition in the weakly spiked model coincides with the the threshold for Wigner matrices.

Here we want to highlight the differences between our work and theirs.

@

(ii)

(iii)

Our model, the sample covariance matrix, has a Gram structure. This nonlinearity
in the matrix model requires more delicate techniques to analyze and the proofs in
previous work on symmetric linear model cannot be directly applied here. To over-
come the nonlinearity, an important linearization technique is introduced to reduce

the interdependency of entries in the sample covariance matrix.

Due to the Gram matrix structure, the entries in the sample covariance matrix are
correlated. In contrast to the case of symmetric matrices, resampling one entry in the
data matrix will result in changes of ©(n) entries in the sample covariance matrix.
Therefore, it is highly non-trivial that our threshold coincides with the threshold for

linear models.

The most important difference: our work is capable of dealing with heteroskedastic
data, while previous works are restricted to matrices with identical variances. This
makes the applicability of our result much wider. In particular, we establish a clear
understanding for the effect of spikes. Such a study of matrix models with planted

signals in our work is beyond the scope of previous works.

Compared with previously mentioned work such as [BBAPOS, Pau07, BGN11, FWZ18§]

that mainly focused on PCA with additive or multiplicative independent noise, our setting

is very different. In our model, if writing the resampling effect as an additive or multiplica-

tive perturbation, then this noise is not independent of the signal and does not possess any
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special structure. In contrast, in previous work, sometimes low-rank assumptions on the
structure of the matrix or the noise, or some kind of incoherence conditions were imposed.
In our work, we have almost no assumption on the data other than a sub-exponential decay
condition. Moreover, we highlight that our results have universality. In particular, we do
not need to know the specific distribution of the data and we do not require the data is i.i.d
sampled.

A similar framework of PCA with corrupted data is the robust PCA [CLMWI11b,
XCS10]. Regarding connection with robust PCA, our setting does share some similarities
with RPCA, as both settings consider corruptions of the original data. In RPCA, corrup-
tion is usually related to outlier distribution and we focus on recovering the data. On the
other hand, the resampling sensitivity setting in our work studies corruption of data by an
independent copy of the same distribution. The key point of our result is that even for two
data matrices with the same marginal distribution, a negligible portion of different entries

may result in having drastically different principal components.

3.2 Preliminaries

In this section, we collect some important notions used throughout this chapter as well as
some auxiliary results.

For the analysis of the sample covariance matrix, it is useful to apply the lineariza-
tion trick (see e.g. [Trol2, DY18]). Specifically, we will analyze the symmetrization of
31/2X. To ease the representation, we drop the dependency on 3 in the notation since the
population matrix is fixed throughout, and the symmetrization is denoted as

- 0 (=2x)T

X = (3.6)
(21/2X) 0

The spectrum of the symmetrization X are given by the singular values {+/\,,}’,_; of
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31/2X, the symmetrized singular values {—+/\,, }2,_,, and trivial eigenvalue 0 with mul-

tiplicity n — p. Let w; := (u;,v;] )" € R"? be the concatenation of the eigenvectors u;

and v;. Then w; is the eigenvector of X associated with the eigenvalue /\;. Indeed, we

0 <21/2X)T u; (EI/QX)TVZ‘ \/)\_iui
(Z1/2X) 0 \e (22X u, Vv

An important probabilistic concept that will be used repeatedly is the notion of over-

whelming probability.

Definition 3.1 (Overwhelming probability). Let {En} be a sequence of events. We say that
En holds with overwhelming probability if for any (large) D > 0, there exists No(D) such
that for all N > Ny(D) we have

P(Ey)>1—- NP,

3.2.1 Variance formula and resampling

An essential technique for our proof is the formula for the variance of a function of in-
dependent random variables. This formula represents the variance via resampling of the
random variables. This idea is first due to Chatterjee [Cha05], and in this paper we will use
a slight extension of it as in [BLZ20].

Let X4, , Xy be independent random variables taking values in some set X', and
let f : XY — R be some measurable function. Let X = (X,---, Xy) and X’ be an

independent copy of X. We denote

X(l) = (Xla“' 7Xi71>X7;,7Xi+17"' >XN)7 and X[Z] = (Xia 7X£>Xi+1a"' aXN)-

And in general, for A C [N], we define X to be the random vector obtained from X by

replacing the components indexed by A by corresponding components of X’. By a result
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of Chatterjee [Cha05], we have the following variance formula

N

Var (£(X)) = 2 S [(7(X) — /(X)) (F(XE) — F(XT)].

i=1

We remark that this variance formula does not depend on the order of the random vari-
ables. Therefore, we can consider an arbitrary permutation of [/N]. Specifically, let 7 =
(w(1),---,m(N)) be a random permutation sampled uniformly from the symmetric group

Sy and denote 7([i]) ;== {7 (1),--- ,m(:)}. Then we have

Var (£(X) = 3 DB [(0X) = FX0) (X0 = px=())].

Note that, in the formula above, the expectation is taken with respect to both X, X’ and the
random permutation 7.

Let j have uniform distribution over [N]. Let X 0)°7(i=1) denote the vector obtained
from X™(~1) by replacing its j-th component by another independent copy of the random
variable X in the following way: If j belongs to 7([i — 1]), then we replace X} by X7
if j is not in 7([i — 1]), then we replace X; by X", where X" and X" are independent
copies of X such that (X, X', X", X") are independent. With this notation, we have the

following estimates.

Lemma 3.1 (Lemma 3 in [BLZ20]). Assume that j is chosen uniformly at random from the

set [N| and independently of other random variables involved, we have for any k € [N],

By <

Var (]i‘"(X)) (N; 1)

where for any i € [N,

B = E[(£(X) = F(X) (F(X7E1) — p(x i)

91



and the expectation is taken with respect to components of vectors, random permutations m

and the random variable .

3.2.2 Tools from random matrix theory

In this section we collect some classical results in random matrix theory, which will be
indispensable for proving the main theorems. These include concentration of the top
eigenvalue, eigenvalue rigidity estimates, and eigenvector delocalization. We focus on the
weakly spiked model, and the BBP phase transition for the strongly spiked model will be
deferred to Section 3.5.

To begin with, we first state some basic settings and notations. It is well known that
the empirical distribution of the spectrum of the null model (i.e. 3 = I) converges to the

Marchenko-Pastur distribution

pMP(l‘) 1 \/[(.CE — )‘*)<)‘+ - $)]+’ (3.7)

B 2m€ x?

where the endpoints of the spectrum are given by

Ar = (1+ /)% (3.8)

Beyond the null model, where the population covariance matrix is not identity, the conver-
gence of the empirical spectral measure deviates from the ordinary Marchenko-Pastur law
in general and instead converges to a distinct limiting distribution known as the deformed
Marchenko-Pastur law. The deformed Marchenko-Pastur distribution, denoted as ps., is
characterized by its Stieltjes transform. For a probability measure p on the real line, the

Stieltjes transofrm is defined as
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where C* := {z € C : Im z > 0} is the upper half plane of C. The Stieltjes transform is
an important object in probability theory with two useful applications: (1) the convergence
of the probability measure is equivalent to the convergence of the Stieltjes transform; (2) if
the probability measure p is absolutely continuous with respect to the Lebesgue measure,

it can be recovered from its Stieltjes transform by the inversion formula

1
plx) = hf(f)l 7TIm my(x +1in).

For the deformed Marchenko-Pastur law, we denote its Stieltjes transform by mg¢. The
notation my. stands for free convolution, as the spectral measure of the sample covariance
matrix is given by the multiplicative free convolution of the Marchenko-Pastur law and
the spectral measure of the population covariance matrix. Suppose the empirical spectral
measure /i of the population covariance matrix 3 converges to a limiting law j. Then my.

is determined by the following self-consistent equation

1

mie(z)

t
=—z+ 5/ 1+ mfc(Z)th(t)‘ (3.9)

Recall that ¥ = diag(dy, - - ,d,), and indices with d; > 1 + /¢ are called outliers
i € O. For the weakly spiked model, we have O = () and in this case the support of the de-
formed Marchenko-Pastur law has only one connected component (see e.g. [LS16, DY 18]).
The right endpoint of the spectrum Ag, which is closely related to the concentration of the

top eigenvalue, is determined by

where a > 0 is the unique solution of the equation

/ (1 ﬁ“m)Qduu) et
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The left endpoint of the spectrum, denoted as Ar,, can be determined via a similar way.
An important result in random matrix theory is that the eigenvalues are concentrated.

To state the result, we define the typical locations of the eigenvalues:

E m
fym::inf{E>0:/ pfc(a:)dxz—}, 1<m<np.
—00 p

The eigenvalue rigidity estimates [PY 14, BEK" 14, LS16, DY 18] are stated as follows.
Let m := min(m, p+ 1 — k), for any small € > 0 and large D > 0 there exists ny(g, D)

such that the following holds for any n > ny,
P <|>\m ] < 07EFE(@) 7 forall 1 < m < p> >1-n>. G.11)

We remark that the square case £ = 1 is actually significantly different, due to the singular-
ity of the Marchenko-Pastur law at z = 0. Near the left spectral edge, the typical eigenvalue
spacing would be of order O(n~?), which leads to a stronger concentration. In this case, the
tight rigidity was proved in [AEK14b], and see [Wan22] for more explanations. However,
the estimate (3.11) is good enough for our purpose.

Another important result is the Tracy-Widom limit for the top eigenvalue (see e.g.
[PY14, DY18, Wan24, SX21a]). As a consequence, we have the following concentration

of the top eigenvalue and also a spectral gap estimate.

Lemma 3.2. Consider the weakly spiked model O = (). For any € > 0, with overwhelming

probability, we have
A= Ag| < n7¥3* and Var(\) < n=4/3+=,

In particular, for the null model, we have Var(\) < n=43. Moreover, for any § > 0, there
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exists a constant co > 0 such that
P ()\1 — )\2 Z Con_2/3) Z 1-—0.

Proof. The first result follows from the well-known Tracy-Widom limit for the top eigen-
value. Specifically,
lim P (yn*3(\ — Ag) < s) = Fi(s),

n—00
where + is a constant depending only on the ratio £ and the limiting spectral measure y of
the population covariance matrix, and Fj is the type-1 Tracy-Widom distribution (in par-
ticular, [Wan24, SX21a] provided quantitative rate of convergence). The variance estimate
is then a natural consequence. For the improved variance bound of the null model, the
Gaussian case (i.e. the white Wishart ensemble) was proved in [LR10], and the general
case follows from universality, i.e. for any fixed m

lim P ((n2/3()\g —Ar) < Se)lggm) = lim P¢ ((n2/3()\[ — ) < 55)1§£§m> ’

n—o0 n—oo

where P denotes the probability measure associated with the Gaussian matrix. The spec-
tral gap estimate also follows from universality that the spectral statistics of the sample
covariance matrix is the same as the Gaussian Orthogonal Ensemble (GOE), i.e. for any

fixed m

: 2/3 _ 2/3(\GOE
nll_>n010P ((’yn (A — Ar) < 34)1gegm> = nh_)n(;lO]P) ((n BAGOF _9) < sf)lggm)
For GOE, the desired spectral gap estimate was proved in e.g. [AGZ10]. [

Moreover, a gap estimate for the eigenvalues is needed, which was proved in [TV12,

Wan12]

Lemma 3.3. Consider the weakly spiked model O = (). For any ¢ > 0, there exists k > 0
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such that for every 1 < i < p, with probability at least 1 — n™", we have
X = Aia| > 0710

The property of eigenvectors is also a key ingredient for our proof. In particular, we ex-
tensively rely on the following delocalization property, which implies that the eigenvectors
are distributed roughly uniformly on the unit sphere (see e.g. [PY14, BEK"14, DY18]).
This is one of the most significant difference between the weakly spiked model and the
strongly spiked model. With a strong spike in the population covariance matrix, the top
eigenvector will be forced to lie on a cone around the signal and hence is localized in some

Sense.

Lemma 3.4. Consider the weakly spiked model O = (). For any € > 0, with overwhelming
probability, we have
1+5

‘ W<
%%ﬁ”"’”ooﬂgfg,l|ugl|oo_n ate,

3.3 Sensitivity Regime of Weakly Spiked Model

We begin with a heuristic argument for deriving the threshold for the sensitivity regime.
We consider the derivative of the top eigenvalue as a function of the matrix entries. For a
symmetric matrix A with an eigenpair (), v), the derivative of A with respect to the matrix

entries is given by d\ = v’ (dA)v. Motivated by this, we have the approximation
)\[1} — A\ T [(El/QX[l])(El/Qx[l])T o (21/2x)<21/2x)—ri| V.

Note that the matrix in the parenthesis has only ©(p) non-zero entries, and each entry is
roughly of size O(n~'*%/2) for an arbitrarily small ¢ > 0 thanks to the sub-exponential

decay assumption (3.2). Also, the eigenvector v is delocalized in the sense that |v(m)| ~
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p~1/2t/4 forallm = 1,...,p. The CLT scaling yields that approximately we have
A\~ 0 (\/]—m—1+5/2p—1+a/4p—1+5/4) = O(n=%/>+).
By this heuristic argument and central limit theorem, we have
AF X\~ O(VEn=3/2+9),

Note that from random matrix theory, we know that A\; — X, is approximately of order
n~2/3. Therefore, if we have Vkn=3/2t¢ <« n=2/3 (this corresponds to k < n°/3-¢),
then the difference the two top eigenvalues A and A\* is much smaller than the first two
eigenvalues \; and )\, of the matrix (X'/2X)(3'/2X)T. This implies that the perturbation
effect on X* is small, and therefore in this case it is plausible to believe that v*! is just a
small perturbation of v. Thus, for the threshold of the sensitivity regime, we must expect
k> n/3,

To make the above heuristics rigorous, a key observation is that the inner products
(v, vI¥) and (u, ul*') can be related to the variance of the leading eigenvalue. Specifically,

we will prove
n3Var(c)

E [|v, v¥)P) < 02

+o(1),

where C' > 0 is some universal constant and ¢ = /)X is the leading singular value. A
similar result is also true for u and u*!. The variance Var(c) in Lemma 3.2 leads to the

desired threshold.

3.3.1 Sensitivity analysis for neighboring data matrices

As a first step, we will first show that resampling of a single entry has little perturbation
effect on the top eigenvectors in the weakly spiked model. This will be helpful to control

the single entry resampling term in the variance formula (see Lemma 3.1).
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For any fixed 1 <7 < pand 1 < a < n, let X(; ) be the matrix obtained from X
by replacing the (i, «) entry X;, with X/ . Define the corresponding covariance matrix
H(; o) = (BY2X(j.0)) (ZY?X(i,0)) ", and use v(»®) to denote its unit top eigenvector. Sim-

ilarly, we denote by u>® the unit top eigenvector of PAI(W) = (B2 X (j.0) T (B X(5.0)-

Lemma 3.5. Let ¢ > 0 small and 0 < § < %—c. Forall1 <i1<nandl < a < p, onthe

event {\; — \o > n='17¢}, with overwhelming probability

max min ||v — sv® | <n 27 (3.12)
oo se{xl}
and similarly
max min |Ju — su®||,, < n2
Lo se{%l}

Proof. Let A" > ... > A1) denote the eigenvalues of the matrix H; »), and let V;i’a)
denote the unit eigenvector associated with the eigenvalue /\gm)_ Similarly, we define the

unit eigenvectors {u(ﬁi’a)} for the matrix ﬁ(i,a). Note that
)\1 > < (3,c) H (za > _ /\zoz) +< (3,c0) (H_H(i7a))v§27a)>-

Recall ¥ = diag(d;, . .., d,). Since X and X ; o differ only at the (7, «) entry, we have

(

di(Xia - X;a)Xéa lf] = Z>€ 7£ i’

{1e

(H—-Hga)j =
d(X2 — (XL)2)  ifj=i,0 =i,

0 otherwise.

\
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Thus, setting A;,, := (X;, — X},), we have

d 2
= 2v{(3) dlam< )iavi () = X, W())m(““)(z)) (X2, — (X[,)?)
J

= 2 @) gy (XT i) (0) +dy (VD) (X2, — (XL)? — 2Ky — X[)X)

= 2, AT (Duf @) A + d; (vi0)?) AL
(3.13)

This gives us

[NeY i,a [NeY i,Q 2 [NeY
A 2> AP =2d A A (K] + X D) IV oo al oo =i (1Xa] + [Xia)? V12
(3.14)

Similarly,
AP > A= 2di/ M (Xia] + X)) Vi ol floo = di (1Kol + X007 (V1] % (3.15)

By Assumption 1, the sub-exponential decay implies |X;.|, |X’,| < n~'/2*¢ with over-
whelming probability for any ¢ > 0. Also, by Assumption 3, we know that d; = O(1).

Moreover, by the delocalization of eigenvectors, with overwhelming probability, we have

N\»—A

max ([[valocs 101 oo, V5 ooy 10"Vl ) < 3%,
Moreover, by the rigidity estimates (3.11), with overwhelming probability we have
A= Ar| <7t AP = Ag| < i

Therefore, combining with a union bound, the above two inequalities (3.14) and (3.15)
together yield

max A — AV < 328 (3.16)
1<i<n,1<a<lp
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with overwhelming probability.

We write vgi’a) in the orthonormal basis of eigenvectors {v;}:

p
= Z CLjVj.
j=1
Using this representation and the spectral theorem,
Z )\ja]’V] HVEZ @) (H H(l a)) (t.2) + ()\gz’a) — )\1) ng,a) + Alvgm)
As a consequence,
Ay = Z N+ (Hgay = H) v 4 (A = AP v,
For j # 1, taking inner product with v; yields
)\1aj = <Vj; )\lvgi,a)> = /\jCLj + <Vj, (H(i,a) — H)Vgi7a)> + ()\1 — )\gi’a))aj,
which implies
(= 29) + AP = A)) a5 = (v, () = HIVE). (3.17)

By a similar computation as in (3.13), we have

‘<Vj’ (Ho) — H)V§Z’a)>‘ =

diAia ( )\gz, @) (l a) + \/_Vlz @) J ) ’

< (XKial + X)) (||vj||oo||u§”a>||oo + ||v§““>||oo||uj||oo)

< n—%+36

(3.18)
with overwhelming probability, where the second step follows from rigidity of eigenvalues

and the last step follows from the sub-exponential decay assumption and delocalization of
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eigenvectors.
Consider the event £ := {\; — Ay > n~'7¢}. Fix some w > 0 small. By rigidity of

eigenvalues (3.11), on the event £, with overwhelming probability

n-1i—¢ if 2< 75 <nY,
M= 2 (3.19)

:2/3,—2/3

J n

if n¥ <j3<p.
On the event &, using (3.16), (3.18) and (3.19), with overwhelming probability we have

noaterdEf 2 < j < v,
la;| < (3.20)

jTEnTetE if nv < j < p.

Choose s = a;/[a;|. Note that 1 — |a;| < 377, |a;[. Thanks to the delocalization of

eigenvectors, with overwhelming probability, we have

p
(S—CL1>V1+Z a;V;

=2

lsvi—v{ |l =

p p
_1
< (1=ar)) Vil lasl [Villoo < n727 Y " Jayl.
j=2 j=2

o0

Thus, on the event &, it follows from (3.19) that

p
i,a _1 _ 1., - _ 5« 2
Isvi = V(o S 1 (" S ) )

j=n

< n—1+45+c+w + n—1+45.

~J

Choosing € and w small enough so that 4e 4+ ¢ 4+ w < % we conclude that (3.12) is true.
A similar bound for u can be shown by the same arguments for H = (3V/2X) T (21/2X).

Hence, we have shown the desired results. OJ
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3.3.2 Proof of sensitivity

Let X” € RP*™ be a copy of X that is independent of X and X'. For an arbitrary index
(i,a) with 1 < i < pand 1 < a < n, we introduce another random matrix Y ; o)
obtained from X by replacing the (i, «) entry X;, by X . Similarly, we denote Y(U;}a) the

(]

matrix obtained via the same procedure from X¥. For the matrix X[¥, we do the similar

I with X - if

Q0 [l Rl

resampling procedure in the following way: if (i, «) € Sk, then replace X
(i,c) ¢ Sy, then replace XEZ] with X where X" is another independent copy of X, X'
and X"

In the following analysis, we choose an index (s, ) uniformly at random from the set
of all pairs {(,a) : 1 <4 < p,1 < a < n}. Let u be the top singular value of Y, ) and
use f € R” and g € R” to denote the normalized top left and right singular vectors of
Y (5,0). Similarly, we define pll £ and gl¥) for Y@e). We also denote by h and h'*
the concatenation of f, g and f*!, gl*l, respectively. Finally, let X/¥, Y and Y be the

symmetrization (3.6) of X/*, Y and Y*/, respectively. When the context is clear, we will

omit the index (s, #) for the convenience of notations.

Step 1. By Lemma 3.1, we have

2Var(o) np+1 >E (0 — p) (a[k] _ M[k])] _ (3.21)

k np

Using the variational characterization of the top singular value

(f,2"°Xg) <o = (v,2"°Xu), (v,T'*Yu) <p=(f,57°Yg).

This implies
22X -Y)g) <o —p< (v, ZVHX —Y)u). (3.22)
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Applying the same arguments to X*! and Y*!, we have
<f[k]7 »ni/2 (X[k] _ Y[k]) g[k]> < oM — M < <V[k]7 »ni/2 (X[k} _ Y[k]) u[k}>.

Since the matrices X and Y differ only at the (s,6) entry, for any vectors a € R and

b € R" we have

(a, B2(X-Y)b) = V/d, Ay a(s)b(d), (a, =V (XH - YH)b) = \/d,AW a(s)b

where
X!, — XY, if (s,0) € Sk,
Ay =Xy — X, and A .= ? ’
XSQ - Xgé if (S, 0) ¢ Sk.
Therefore,
VD t(s)g(0) < 0 — p < VdAyv(s)u(h),
and
VAW £ (5)g (0) < ot — P < \/d ALV (s)ultl(6).
Consider

Ty = d, (Awv(s)u(0)) (AN (0)) T = d, (A £(s)e(0)) (AL ()8 (9))

Ty i= d (Av(s)u(0)) (Al £9(5)g™(0)) , T = d, (A0 F(s5)(6)) (AGVII(5)u(6) )

Then we have

min(7Ty, Ty, T3, Th) < (0 — p) (o — ") < max(T), T, Ty, Th). (3.23)
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To estimate (3.23), we introduce the following events

_1l4,
v = {max (1¥llas e 1l lles 1V s 10 o €9, g ) < 47
(3.24)

and

& 1= {max (I[v = glloe: 1 = Fllc, [V — g¥ o, [Ju = £¥)0) <n=3-0} . (3.25)
Define the event £ := £; N &;. On the event &, for all

J € {v(s)u(@)v"(s)ul (), v(s)u(0)f" (s)g™(0), £(s)g(0) v (s)ul (9), £(s)g(0)F" (5)" (6) }

we have

‘J — V(s)u(ﬁ)v[k}(s)u[k}(ﬁ)‘ =0 (n_2_6+35) : (3.26)

Let T := min(77, T3, T3, T4). On the event £, using (3.26) we have

szcQ(A%Ag)v@hmﬂvwﬁﬁﬁﬂm——0<@ N

n*‘”&) . 327

Step 2. Next we claim that the contribution of 7" when £ does not hold is negligible.
Specifically, we have

E[T1e] = o(n™). (3.28)

Recall that d, = ©(1). Without loss of generality, it suffices to show that
E[AwAgv@ﬁmva@ﬁﬂﬂwﬂg — o(n~?). (3.29)
To see this, using Igc = 1g)\¢ + Lge, we decompose the expectation into two parts
E | Ay AMv(s)u(@)v¥(s)uM(0)1e | = I + L,
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where
1= B | A AV () u@)vH () ul 0)1s¢ | . =B | Ay Alv(s)u(@)v¥ (s)ul(0) 1]
For the first term /7, by delocalization and the relation £ \& = &\ &, we have

L] < n 2R HAsg AW

1151\52} <n PR HAse Al

leg] . (330)

Note that the random variable A, Agg and the event & are dependent. To decouple these

variables, we introduce a new event. Consider the event &5 := A U BB, where
A= {min (01 — 0270% _ gé’ﬂ) > n_l—c} . B:= {min (lh _ ,ug,,u[lk} _ Iu[2k}> > n_l_c}
Then,

E HASQ AW

ey SE[(A% + (a4 15]
(X + (Xip)? + (Xip)? + (X15)?) Leg]

E
E[(X3 4+ (X1p)?) Lse] +E [((X)? + (X)) Lac] -

AN

N

Observe that the random variables X,y and X', are independent of the event B, and the

random variable X7, is independent of .4. Therefore, by Lemma 3.3,

B[+ (X)) 1s] = O ), B[((X0)? + (X)) 1a] = O ')
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By Lemma 3.5, we have P(E3\&) = O(N~P) for any fixed large D > 0. Using the

Cauchy-Schwarz inequality, we have

E HASQ A

lgg| =E HASQ AW

ng] 4 E HASQ A

153\52]

— O~ ") + \/IE “Asg Al

= O™ ) + O(N?)

|vrEE)

=O0(n~ '),
Choosing 4¢ < k, then (3.30) yields
1| < O(n~2H4e=17r) = o(n~3).
For the term I, note that u, v, ul®l and v[*! are unit vectors. We have that
max(||ulloe, [ V]loo, 0™ o, [VH]lo) < 1.

Recall that & holds with overwhelming probability. By the Cauchy-Schwarz inequality,

for any large D > 0, we have

LI <E [|an Al 15] < \/]E UASQ Al

2] VP(ES) = O(ND).

Hence we have shown the desired claim (3.29).

Step 3. Combining (3.23), (3.27) and (3.28), we obtain

E([(0—p) (¥ — )] > E [dSASQAL’“H] v(s)u(@)vH (s)ul® ()] + o(n?).
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Since % <2andds; = O(1), by (3.21) we have

Var(o)

-3
? +o(n™?). (3.31)

E [20Al v(s)u@)vi(s)u ()| <

Since the random index (s, #) is uniformly sampled, we have

E|A,Al V(s)u(Q)V[k’](s)u[k](@)} _lg

o S Awdllviue)vHiu® (a)

1<i<n,1<a<p

(3.32)

Note that
A A (Xia — Xio)(Xiy — Xi) if (1, ) € S,
(Xia - X;oz)<Xia - X;:;) if (Z, Oé) §é Sk

In either case, we have ]E[AMAZU;]] = p~!. Therefore,

Y OE [AMAEIZ} | sk} v(i)u(a)v¥(i)ul (o) = Z%(V,V[k]ﬂu, ult).

1<i<n,1<a<p

Consequently, this implies

E = 1IE [(v, vIy (u, u®)] .

NG v(i)u(a)v¥ (@) u (o
> E[dwallls viu@vHiutie)| =

1<i<n,1<a<p

(3.33)

Moreover, we claim that

El % (AMAE’;} “E [AMAL’;} \SkD v(z’)u(a)v[’fl(z’)u[kua)] —o(nY). (3.34)

1<i<n,1<a<p

For the ease of notations, we set =;, := AMAEIZ} — E[AMAEI;] |Sk]. Tt suffices to show that

for all pairs (7, o) we have

E [Emv(i)u(a)v[k](z')u[k](a)} =o(n™?). (3.35)
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To see this, we introduce another copy of X, denoted by X", which is independent of all
previous random variables (X, X', X" X"). For an arbitrarily fixed index (i, ), we define
matrices X ; o) and )A(E’f]a) by resampling the (i, a) entry of X and X*! with X, Let 0, v

be the left and right top singular vector of X, and similarly 4%, ¥¥) for X[¥). Define
Via = v(iu(a)v¥(iyul (), di, = 90)a(a)¥"([)a(a).

A crucial observation is that =;, and 1, are independent. This is because, conditioned on

S}, the matrices X and X are independent of (X;,, X, X/

(1e'%} (1o'%}

X”). Such a conditional
independence is also true for the singular vectors, and hence also holds for @ia. On the other

hand, by definition, the variable Z;, only depends on (X,,, X!, X? X" ). Therefore,

E [Ziatia| = E [EEial S E[ial Si]] = 0
Thus, we reduce (3.35) to showing
E [Em (z/}w _ @ZQ)} — o(n3). (3.36)
The proof of (3.36) is similar as previous arguments. Consider the events

P~ ~ ~ ~ ~ _1
& 1= {ma (I1v]cs s e 19 e IV s s 8 o, 199 ) < 374

& = {max (IIv = Voo, 1 = o, v = 59, Jlul = @) < 737}

On the event € = & N &, we have [(ha — Pia] = O(n=279+3¢). Note that E[|Z;,|] =

O(n~') since EHAWAEZ]H = O(n™!'). As a consequence,

E|

Eia(,@z)ioa - {D\ia)

15} = O(n=3%%%) = o(n3). (3.37)
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Using the same argument as in (3.29), we have

E|

where « is the constant in the gap property (Lemma 3.3) Thus, by (3.37) and (3.38), we

Eia(wia - {/}\ia)

lg.| S NHEE[[Zial1s] = O NI = o(n ), (3.38)

have shown the desired claim (3.36).

Based on (3.31) and (3.32), combining (3.33) and (3.34) yields

LB [(v, vy (u, uM)] < Va;f") I (i) I (i)

np n?p
By Lemma 3.2 we have Var(c) = O(n~%/3+0/2) and the assumption k& > n°/3+%0_we have
k k np? —4/34¢0/2
E [(v, v} (u,ul")] < TO(n /3+e0/2) 1 o(1) = o(1).
This implies
E [|<V,V[k]><u, u[k])ﬂ — 0. (3.39)

In the null model, we have Var(o) = O(n~*/3), and therefore the threshold can be improved

to k > no/3.

Step 4. Consider the symmetrization matrix X defined in (3.6). The variational represen-

tation of the top eigenvalue yields

(w, Xw) (wlkl X[klwlkly
T T g M= I =
2 2

Using the same arguments as in Step 1-3, we can conclude that

E [|<W,W[k]>|2] =FE [|<V,V[k]> + (u, u[k]>|2] — 0.
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Combined with (3.39), this gives us
E [|(v, V) [* + [(u,u)]*] = 0,

which proves the desired results.

3.4 Stability Regime of Weakly Spiked Model

To establish the stability of PCA when the resampling strength is mild, we will utilize tools
from random matrix theory and specifically the proof relies on the analysis of the resolvent
matrix. Furthermore, to reduce the nonlinearity caused by Gram structure of the sample
covariance matrix, when considering the resolvent we use a linearization trick. For any

z € C with Im z > 0, the resolvent is defined as

-1

_In (21/2x)T
R(z) :=
(=12X) 21,

Similarly, we denote the resolvent of X!*| by RI* (). The key idea for the stability regime
is that eigenvectors can be approximated by resolvents and the resolvents are stable under

moderate resampling:

Resolvent Approximation The entries of the resolvent can be used to approximate the
product of entries in the eigenvector. For some small 6 > 0, let zp = A\ + inp with n =
n~2/379 In the regime k < n®? for some €, > 0, there exists some small ¢ > 0 such

that forallz,7 = 1,...,p, we have

—1—c

InIm Ry g5 n45(20) — V(@) v (i) <n™7°,
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and

mmRE, o (z0) — v @)V ()] < n i

A similar result also holds for u and ul*!.

Stability of Resolvent Since the eigenvector can be approximated by the resolvent, it
suffices to show the stability of the resolvent. Consider the regime k < n°/3~< for some

€ > 0. For some small 6 > 0 and all z = F + in that is close to the upper spectral edge

—2/3-5

andn =n , there exists a small constant ¢ > 0 such that the following is true for all

,j=1,....,panda, B =1,...,n,

1

R — R, < —
’ aﬁ<z> ,B(Z) — n1+c777

and
R R <L
n+i,n+j<z) - n+i,n+j(z) = n1+cn'
This is the main technical part of the whole argument, and its proof relies on the Lindeberg
exchange method and a martingale concentration argument.

In this section, we will focus on the behavior of v and v!*! in detail. Similar results also

hold for u and ul* via the same arguments.

3.4.1 Linearization and local law

In the study of sample covariance matrices, a convenient trick is to consider the sym-
metrization X of the data matrix £/2X (defined as in (3.6)) when exploring its spectral

properties. For z € C with Im z > 0, We introduce the resolvent of this symmetrization

-1

_In (21/2x)T
R(z) = . (3.40)
(B12X)  —2,
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Note that R(z) is not the conventional definition of the resolvent matrix, but we still call it
resolvent for convenience. For the ease of notations, we will relabel the indices in R in the

following way:

Definition 3.2 (Index sets). We define the index sets
Il = {1,...,”}, IQ = {1,...,p}, IzzlLJ{n—i—ZZEIQ}

For a general matrix M € REXIZI ype label the indices of the matrix elements in the
following way: for a,b € Z, if 1 < a,b < n, then typically we use Greek letters o, 3 to
represent them; if n +1 < a,b < n + p, we use the corresponding Latin letters i = a —n

and j = b — n to represent them.

The resolvent R is closely related to the eigenvalue and eigenvectors of the sample

covariance matrix. As discussed in [DY 18, Equation (3.9),(3.10)], we have
n D . .
Ros(e) = 30 2@u) g S vidivili) G

and

-y e =3 L)

)\g —Z )\g —Z ’
An important result is the local deformed Marchenko-Pastur law for the resolvent matrix
R. This was first proved in [BKY Y 16], and we refer to [DY 18, Lemma 3.11] for a version

that is consistent with our setting. Specifically, the resolvent matrix R has a deterministic

limit, defined by
—(1 4+ mp(2)X) ! 0
G(z) = (Lt me(2)%) , (3.42)
0 mie(2)1,

where m¢(z) is the Stieltjes transform of the deformed Marchenko-Pasture law given by

(3.9
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To state the local law, we will focus on the spectral domain
S={FE+in: g —1<E<XA}+1,0<n<1}. (3.43)

Lemma 3.6 (Local deformed Marchenko-Pastur law). For any € > 0, the following esti-

mate holds With overwhelming probability uniformly for z € S,

max |Rus(2) — Gas(2)] < 0 ( Immee(z) | i) . (3.44)

a,beZ nn nmn

To give a precise characterization of the resolvent, we rely on the following estimates
for the Stieltjes transform myp (z) of the Marchenko-Pasture law. We refer to e.g. [BKYY 16,

Lemma 3.6] and [DY 18, Lemma 3.6] for more details.

Lemma 3.7 (Estimate for m¢(z)). For z = E +1in, let k(z) := min(|E — A\L|, |E — Ag|)

denote the distance to the spectral edge. If z € S, we have

H(Z) +n ifE e [/\LaARL
Ime(2)| < 1, and Immg(z) < (3.45)

. .
o TEE D]

In the following analysis, we will work with z = E +in satisfying | E — \g| < n=%/3+°

and ) = n=2/37%, where 0 < § < 1 is some parameter. Uniformly in this regime, the local
law yields that the following is true with overwhelming probability for all € > 0 and some

universal constant Cy > 0,
sup max |Rep(2)] < n7 3707 and sup max |Raq(2)] < Co. (3.46)

» a#bel . a€l

These estimates will be used repeatedly in the following subsections.
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3.4.2 Stability of resolvent

In this subsection, we will prove the main technical result for the proof of resampling
stability in the weakly spiked model. Specifically, we will show that under moderate re-
sampling, the resolvent matrices are stable. Since resolvent is closely related to various

spectral statistics, this stability lemma for resolvent will be a key ingredient for our proof.

Lemma 3.8. Consider the weakly spiked model © = (). Assume k < n®/3~ for some
€o > 0. There exists 69 > 0 such that for all 0 < 0 < &y, uniformly for z = E + in with
|E — M| < n723% and n = n2/379, there exists ¢ > 0 such that the following is true

with overwhelming probability

k k
mex Rv[;j](z) —Rii(2)] < pyET max RL]B(Z) —Ras(2)| < o (3.47)
Proof. Recall that Sy, := {(i1,1),..., (ix,ax)} is the random subset of matrix indices

whose elements are resampled in the matrix X. For 1 < t < k, let X be the matrix
obtained from X by resampling the {(is, as)}1<s<: entries and let F; be the o-algebra

generated by the random variables X, Sy and {X] , }1<s<. Fora,b € 7, we define

Toy := {t : {it,as} N {a,b} # 0} .

Let ¢ > 0 be an arbitrarily fixed parameter, and let Cy be the constant in (3.46). Con-
sider the event & € JF; where for all z = E + in with |z — Ag| < n~%3*% and n = n=2/379
we have

max ‘Rg,l(z)‘ <n it = U, and max IR (2)] < Co.

Define X[Oﬂ as the matrix obtained from X[ by replacing the (i;, a;) entry with 0, and

also define its symmetrization X[) € RZI*Z! a5 in (3.6). Note that X' is F,-measurable.
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We write

Xt — igﬂrl} + 15[t+1]’ X [t+1] — X([]Hl] + Q[Hrl}y

where Pl QI are |Z| x |Z| symmetric matrices whose elements are all 0 except at the

(i1, o) and (v, i) entries, satisfying

ditXitat if {CL, b} = {it, O{t}, (~[t] ‘/ditX;toct if {a, b} = {it, at},
Q :

) ab —
0 otherwise 0 otherwise

(is[t])ab =

Define the resolvents for the matrices X and 5(5 Vasin (3.40):

-1 -1
_ 125 [T _ 12y [tNT
(z12XMH) I, (ziexlhy e,
Using first-order resolvent expansion, we obtain
R([)tJrl} _ R L RUPIHIRIM & (R[t}f)[tJru)? R([)tﬂ}_ (3.48)

The triangle inequality yields

[

(w1

< ‘ (R[tlﬁ[tH}R[t])

n ’ (R[t]f)[tH]R[t]f)[tH]RgH])

ij ij

Note that Plt+1] has only two non-zero entries,

5 0 plRl ) Rl b Rl
(ROPHIRY) =S RYPLIRY, = \/di Xipa, (R, RE +RE RE )

RS

Recall that and | X, ,a,,,| < n~Y/?*5 with overwhelming probability thanks to the sub-
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exponential decay (see Assumption 1). Then on the event &;, we have

‘(R[tlp[tﬂ ) < 2\/d;,, CoUn~ 3+
Similarly,
D D 1
(R[t1p[t+uR{t1P[t+u RI 1) ;
_ [t] 1 1] [t+1]
- Z Riml PT?’LJ;W]LZ Rrggmg PLZ;LJ’;m4 (R‘O )m4] °

{m1,ma}{ms,ma}={it+1,0641}

We use the trivial bound |Rg +1]| < 77_1 for the last term. Then, on the event &;, we have

< 2d;,  n ETHU? 4 C2) <« UL

7ft+l

‘ (R[t}f)[t+1]R[t}15[t+1]Rg+1}>

]

Therefore, we have shown that, on the event &,

Ry,

(R <

(3.49)

max
i#]

Similarly, using the first-order resolvent expansion for R+ around RI*, we have
~ ~ 2
R[t+1] — R[t] + R[t](P[t-‘rl] . Q[t-i-l])R[t} + <R[t( t+1] Q[t-‘rl])) R[H_l].
By the same arguments as above, on the event £;, we can derive

max
7]

+1]’ <2V, max‘RtJr ]‘ < 2C,.

Next, we use the resolvent identity (or zeroth-order expansion) for R*+! and R([)t il

R+ — Rgﬂ] _ R([;f—i-l]é[t-&-l]R[t-&-l]‘
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This leads to

t+1 [t+1 t+1]
= Z (R([) ])z 1Q5142]R£23

o
{102} ={itr100041}

ij
Thus, on the event &, we conclude

(R =R | <AV (1 Colneny) = 15 G50

v

Meanwhile, the second-order resolvent expansion of R+ around R([)t ] yields
- - 2 - 3
R+ — R([)t+1} _ R[[;+1]Q[t+1}R([)t+1] + <R[[;5+1]Q[t+1}> R[0t+1} _ (R([)tJrl}Q[tH]) R

A key observation is that R[tJrl is F;-measurable, and E[Q!"*1|F;] = 0. For simplicity of

notations, we set

qgl;] — ((Rg}ﬁ(u,at))2Rg]>

tj
where E(t) ¢ RIZIXIZ| is the symmetrization of the matrix E(*) € RP*" whose ele-

ments are all 0 except E{*? = E*) — 1. Then we have

1Ot Qi

3
}E [RZH]!}?] — Ro ™)y —p e <32d2 0T (VO] + Cilnery) =iy
(3.51)

Similarly, using resolvent expansion of R/ around Rg H}, we obtain
Rl — R[t+1] R[t+1}P t+1]R([)t+1} i (Rg+1]f)[t+1})2R([)t+1] _ (R[[)lf+1]f)[t+1})3R[t}'
By the same arguments as above, on the event &;, we deduce that

[t+1] X2 [t+1] [t+1] (352)

Zt+1at+1pz] Zt+1at+1qu — gzy

R~ (R, + X
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where

pll == (RYBECOR]) (3.53)

v

Combining (3.51) and (3.52) yields

1 1 — 1
B [REVIA] - R = Xl Xy =70

] it+1at+1pij

<2t (3.54)

By a telescopic summation, we obtain

k-1

(K] _ [t+1] [¢]
RE R, =Y (RGO RY)

t=

= <R£§+l] o E |:R£§+1] |‘Fti| ) + Z Xit+10¢t+1 p£§+1} + (X’th+1oct+1 - p_l)q£§+l] + tl]

t=0 t=0 t

‘N‘
[airy
?‘?‘
—
‘N‘
[y

I
=)

(3.5%)

where the remainder v;; is bounded by (3.54)

k-1

(t+1]

|vij| < 229@‘ .
=0

[t]

Recall the expression of g;;, to estimate the remainder, we need to control the size of
the set 7;;. Note that E[|T};|]] = 2k/p. By a Bernstein-type inequality (see e.g. [Cha07,
Proposition 1.1]), for any x > 0, we have

x2
P(|T};| > E[|T;; < . —

Recall that & < n/3~¢_ The inequality together with a union bound implies that

3max(k, p(logn)?)
p

=T

max |T;;] <
Z?]
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with overwhelming probability. We denote this event by 7. On the event 7, we have
It < 2kn " TEWRC2 4 207 T PECAT < VT U2, (3.56)
For the first term in (3.55), we set

ol . (RZH] _E [R£§+1l|ft]> 1g,.

ij

Note that & € F;. This implies that ]E[mg.ﬂ} |F:] = 0. Moreover, by (3.50), on the event &;

we have |m£§+1]| < 2f£§+”. Further, on the event T,

ij
t=0

k—1 1/2
(Z(f[t+1])2> <n UV E 4 n 2 ECUVT < 2080V T,

Using the Azuma-Hoeffding inequality, for any = > 0, we have

]:P) (
k—1

(Rz['?rl] K [R%H}‘ED

t=0

2
> 2n5\112ﬁx> < 2exp (—%) )

k—1

[t+1]
Z Yo
t=0

Moreover,

|

Recall that & holds with overwhelming probability, and consequently Zf;ol P& <n

k—1 k—1

> 202/ T x) +Y P(E).

t=0

[t+1]

> 2n5@2ﬁx> <P (

t=0
-D

for any D > 0. Choosing z = n® implies that with overwhelming probability

B
—_

< 2=V, (3.57)

J

(R £ [RE])

t

i
=)

For the next two terms in (3.55), we will deal with them by introducing a backward
filtration. Let F; be the o-algebra generated by the random variables X', Sy and {X;,}

with ¢ ¢ {iy,...,4}and o & {ay,...,a;}. Similarly as above, we consider the event &,

119



that for all z = E + in with |z — Ag| < n™%/3*% and p = n=2/379 we have

mgg;)R[]( )’ <V, and maX|R([f(]Z(z)‘ < (Cy.

Using resolvent expansion, the same arguments for (3.49) yield that, on the event &£, we

have

| <20, max‘(Rg])ii <

A key observation is that pz] defined in (3.53) is F;-measurable. Also, we have E[X;,,|F/] =

0. Consider

.

ng = Ztatpz ]15

Then we have Er |F;] = 0 since we also have & € F;. Note that

k-1 k—1
P < > Xiraeabis U > a:) <P ( pi | > as) + > P((EL)Y),
t=0 t=0

The second term is negligible since &£ holds with overwhelming probability. To estimate
the first term, we use Azuma-Hoeffding inequality as before. Based on similar arguments
as in (3.50), we deduce

Ul

pz] < 4\/d_itn7%JrE (@2 + Coqlﬂ(teTaB)) '

By considering the event 7 and using Azuma-Hoeffding inequality as in (3.57), we can

conclude that with overwhelming probability,

[t+1

< 7126\112\/_
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As a consequence, with overwhelming probability

<nFUVT. (3.58)

k—1

[t+1]
§ Xit+1at+1 pij
t=0

For the third term in (3.55), by the same arguments, we have

< p2=EP2yT. (3.59)

~Y

k—1

2 —1y 4 [t+1]
Z(Xiz+1ai+1 - p )qu
t=0

Finally, combining (3.55), (3.56), (3.57), (3.58) and (3.59), we have shown that

‘R[k](z) - Rij(z)‘ < UV,

(]
Recall that = n~2/379, & = O(n=3579<), and T = O(n3). Then we obtain
nm ’RZ[-I;-}(Z) — Rl-j(z)’ < g E e (3.60)

Choosing § + 5¢ <  yields the desired bound (3.47) for a fixed 2.

So far, we have proved the desired result for a fixed z. To extend this result to a uniform
estimate, we simply invoke a standard net argument. To do this, we divide the interval
[—n~2/3%9 n=2/3+9] into n? sub-intervals, and consider z = F 4 in with x(z) taking values

in each sub-interval. Note that

|21 — 2|

IRij(21) — Rij(22)] <

min(Im (z;), Im (22))?
For 21, z5 associated with the same sub-interval, we have

n= 2302 1426
ni|Rij(z1) — Rij(22)] < M <n T

which is of lower order compared with the error bound in (3.60). This shows that, up to
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a small multiplicative factor, the desired error bound (3.47) holds uniformly in each sub-
interval with overwhelming probability. Finally, thanks to the overwhelming probability,
a union bound over the n? sub-intervals yields the desired uniform estimate (3.47) for all
z = E +inwith |E — \g| < n 230 and n = n=2/39,

Using the same arguments, we can prove a similar bound for the RZ“[]_} and R, blocks.

Hence, we have shown the desired results. OJ

3.4.3 Stability of top eigenvalue

As a consequence of the stability of the resolvent, we also have the stability of the top
eigenvalue. This stability of the eigenvalue will play a crucial rule for the resolvent ap-

proximation of eigenvector statistics in the next subsection.

Lemma 3.9. Consider the weakly spiked model © = (). Assume k < n>/3~ for some
€0 > 0. Let 0 < & < &g with oy as in Lemma 3.8. For any € > 0, with overwhelming

probability, we have

|)\ . )\[k]’ < n7§75+5_

Proof. Without loss of generality, we assume that A\ > A Set = n=2/3-9_ By the

spectral representation of the resolvent (3.41), we have

RS [ve(@)]? n|v(i)|? v (i)
Im Rui(2) = ”; C—EP il - ER i~ 2(max(r— ELn))

By the pigeonhole principle, we know that there exists 1 < i < p such that |v(i)| > p~'/2.

Choosing this ¢ and z = A 4+ i), we obtain

1
—1 .
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On the other hand, using the spectral representation of resolvent again for R*, we have

e o 4 p|v£’:]<j>|2
pn ImRj;(z) = Z

L = A)
Pick w > 0, we decompose the summation into two parts

n« p }‘2

i-3 VINACI S S B U:10) [
( )2 m=n%+1 ()\7[59 - >‘)2 + 772

Using delocalization of eigenvectors, for any £ > 0, with overwhelming probability, we

have

anrs

S S

~Y

(3.62)

(it <y A = AD?
By the Tracy-Widom limit of the top eigenvalue (Lemma 3.2), for any € > 0, with over-
whelming probability, we have |\ —\g| < n=2/3+¢_ Also, as discussed in (3.19), the rigidity

of eigenvalues yields that for all m > n“, with overwhelming probability,
A — )\le] > m2/3p—2/3‘

Then using delocalization again, with overwhelming probability, we have
P ne
< mE(pnw\—1/3,,4/3
Jy < E —(AL"? BT n®(n®)~/°n*/". (3.63)

m=n*+1

Again, since \)\[k] — \| < 2n7%/3+¢ by choosing w = 2¢ we have .J, < J;. Therefore, by

(3.62) and (3.63), we have shown that with overwhelming probability

—2
pn_llmRy;]()\—i—in) < n¥ ( min | AX )\|> :

1<m<p
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Note that the minimum is attained by A*. This shows that

nn~'Im RU;}()\ +in) < n¥ A — |72

7

Using Lemma 3.8 and (3.61), we have

nn~Im RE’:] (A +1in)

>nn ! <ImRii(/\+i77) — ImRE?}(A‘i‘iﬁ) _ ImRii(AJrin)‘) > ﬁ _

N

Therefore, we have shown that, with overwhelming probability,

1 1
R
2> = A

—2/3-5

Recalln =n , and we conclude that

{A . )\[k]‘ < n—2/3—(5+367
which proves the desired result thanks to the arbitrariness of € > 0. [l

3.4.4 Proof of Stability

The final ingredient to prove the resampling stability is the following approximation lemma,
which asserts that the product of entries in the eigenvector can be well approximated by the

resolvent entries.

Lemma 3.10. Consider the weakly spiked model O = (). Assume that k < n®/> for
some €y > 0. Let 0 < § < &y be as in Lemma 3.8. Then, for zy = \ + in withn = n=2/3-9,

there exists ¢ > 0 such that with probability 1 — o(1) we have

—1-c

max |[pIm Ry (20) — v(i)v(j)| <=, and max |plm R¥(z0) — v (i))vIH (5)| < n
1,7 2y

124



Similarly, we also have

R (%)
20

/

Boslz0) — ull(a)u¥(®) < n7 .

20

nlm

max |nlm —u(a)u(B)| <n ', and max
a,fB a,B

Proof. For any £ > 0, we consider a general z = E + in with |E — \g| < n~%**¢. From

the spectral representation of the resolvent (3.41), we have

ImR;;(z) =n Z (AZ’Z_@E);;Z({'_) =

p
(=1

Pick some w > 0, we decompose the summation on the right-hand side into three parts

Xp:(A:z_(ige(j) _ v(@)v() A
—

- 242 (A—E)2+7

where
2L veli)ve(j) ~ vi(i)ve(j)
Jp = , Jo = .
1 s (Ao — E)? +12 2 Z (A — E)? + 12

l=n¥+1
Using the same arguments as in (3.63), for any € > 0, with overwhelming probability we

have

’J2| S ns(nw)fl/:snl/:s.

For the term .J;, we consider the following event
1<e<p

E = {/\1 — Ay > con_2/3} N {max 1Velloo < n_1/2+5} N {|J2| < ne(n“)_l/3n4/3} )

For any ¢ > 0, we can find an appropriate ¢, > 0 such that P(£) > 1 — /2. Then, for

z=F+inwith |\ - E| < %On_2/3, on the event £, we have
|| < nfnnt/3.
Let ¢’ > 0 with ¢’ + 0 < dp. On the event &, for all z = E + in with |\ — E| < nn~%" and
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n=n"%39 we have
() ( ) N 772V(Z)V(]) —1+42¢ 1 — 772 —142e—26'
v(e)v(y —()\—E)2+772 n —()\—E)2+172 <n .
This yields

Vi) - EYOVG)

[nim Ry (2) = v(i)v(j)] < OD_ERtip

+ (|| + [ 2))

< n—1+25—26’ + n~itetw=26 + n-ite—5-28
Choosing w = ¢ < min(d,d")/2, we obtain
max [nIm Ry;(2) — v(i)v(j)| < n~tmin0G), (3.64)
i.j

Similarly, we can apply the same arguments to RI*/. Consider the event

&= {max )nlm REI;](Z) — vk (i)v[k} (N < n 170G for all |)\[k] —E| < m= n= n_2/3_5} :
irj

By previous arguments, we know P(E’) > 1—¢/2. This gives us P(ENE’) > 1—e¢. Finally,
note that § + &' < dp, by Lemma 3.9, with overwhelming probability we have |\ — /\[k]| <
n~2/3-0-9" — pp=9"_ This implies that we can choose z = \ + i in both (3.64) and &'

Thus, we have shown the desired result for v and v[*! by choosing 0 < ¢/ < min(4, &").

On the other hand, from (3.41) we also have

Ros(2) <~ wla)u(B)
tm == _”; N—E)?+n2

Using the same methods as above yields the desired result for u and ul*l. 0

Now we prove the main result Theorem 3.2 on the stability of PCA under moderate

resampling for the weakly spiked model.
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Proof of Theorem 3.2. Let zy = A + in as in Lemma 3.10. By Lemma 3.8 and 3.10, we

know that, with probability 1 — o(1), for all «, 5 € Z,, we have

v(i)v(j) = VIV
< V(V() = nm R (z0)| + [nIm R (z0) = ym R (z0)] + |t BRI (z0) = v¥(0) v ()

—_ — __/ —_ —
<nlc+nlc+nlc‘

Denote ¢’ := min(c, ¢), and we have
b

/!

max [v(i)v(j) — v (i)vH(5)] S n 7
Z’J
For any fixed € > 0, we consider the event
& i= {max Vv () - VHIOVHIO] S0 b (IvH ) < e}
27‘7

Since delocalization of eigenvectors holds with overwhelming probability, we know that
P(E)=1-o0(1).

By the pigeonhole principle, there exists 1 < i < p such that |v(i)| > p~'/2. We choose
the & phases of v and v*/ in the way that v(i) and v*/(;) are non-negative. On the event

&, we obtain
RO O A p——
v(i) +vH@E)

lv(i) — vik (i) =
Moreover, for any entry v(j) and vI¥!(5), if £ holds, the triangle inequality gives us

[v(i)v(j) — v(i)vIH(j)]

v(1)
[v(@)v(j) — vIH (i)vIF(j)] IVWUHvi__w@i
< ) + v [v(2) (4)]

_ _alt _ _
gn 1/2—c¢ +n 1/2 '+e

Iv(j) = vIF(5)| =
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Choosing ¢ sufficiently small, this implies the desired result.

For u and u*!, note that

[u(@)u(f) — ul(a)u(5)]

(%] (%]
R, R, Ra Z Ra 2
< Ju(a)u(p) —nl 5(z0) +|nlm Ras(z0) _ nlm —’8( o) +'7]Im —’8( 0) - u[k](a)u[k](ﬁ)‘
20 20 20 20

By Lemma 3.8, we have

I RQB(ZO) I Rz%(’zo) < Rag(ZO) - R%(ZO) < ‘R ( ) R[k]( )‘ < 1

m————=—1Im o - < )

20 20 N 20 ~ Pl @B\ %0 niten

As a consequence, we have

/!

lu(a)u(8) — ul(a)u(B)] <n '

The desired result for u and ul*! then follows from the same arguments above for v and

vk, ]

3.5 Stability of Strongly Spiked Model

As discussed in Section 3.2, one of the key differences between the weakly spiked model
and the strongly spiked model is the distribution of eigenvectors. We see from the previous
sections that the proof for the weakly spiked model crucially depends on the delocalization
property. In contrast, this is not valid in the strongly spiked case and consequently results
in a distinct phenomenon.

In the strongly spiked model, the celebrated BBP phase transition [BBAPOS] shows that
the leading sample eigenvectors in the outlier of the spectrum have non-trivial correlation
with the corresponding population eigenvectors. Recall that the population covariance ma-

trix is in the form 3 = Zle dieieiT, and indices i with d; > 1 + /€ correspond to the
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outlier (denoted as 0). For i € O, it was first derived in [Lu02] and later generalized in

[JLO9, BGN11] that )
1 - (d;i—1)2

|(vi, ei)|* = —"—
! S
1+m

+o(1), a.s. (3.65)

Since X and X*! have the same marginal distribution, the same also holds for VZW. Note
that the eigenvector overlap |(v, v[®l)| is independent of the sign the of principal compo-

nents. Therefore, without loss of generality, we may assume that

[¥]

Since both principal components v and v!* lie on the unit sphere, we obtain

HVZ' — eiH2 =2 — 2<Vi,e2-> =2-2

and same also holds for vgk]. By triangle inequality,

(K]

v =Pl < flvi— el +[Iv;" —eif <2, |22

Hence,

[(vi, vIT)| =

which completes the proof.
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Chapter 4

Random Graph Matching for Geometric
Models

4.1 Introduction

Graph matching (or network alignment) refers to finding the best vertex correspondence
between two graphs that maximizes the total number of common edges. While this prob-
lem, as an instance of quadratic assignment problem, is computationally intractable in
the worst case, significant headways, both information-theoretic and algorithmic, have
been achieved in the average-case analysis under meaningful statistical models [CK16,
CK17, DMWX21, BCL*19, FMWX19a, FMWX19b, HM20, WXY21, GM20, GML22,
MRT21b, MRT21a]. One of the most popular models is the correlated Erdds-Rényi graph
model [PG11], where both observed graphs are Erdés-Rényi graphs with edges corre-
lated through a latent vertex matching; more generally, in the correlated Wigner model,
the observations are two weighted graph with correlated edge weights (e.g. Gaussians
[DMWX21, DCK19, FMWX19a, Gan21a]). Despite their simplicity, these models inspired
a number of new algorithms that achieve strong performance both theoretically and prac-
tically [DMWX21, FMWX19a, FMWX19b, GM20, GML22, MRT21b, MRT21a]. Nev-

ertheless, one of the major limitations of models with independent edges is that they fail
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to capture graphs with spatial structure [AG14], such as those arising in computer vision
datasets (e.g. mesh graphs obtained by triangulating 3D shapes [LRB*16]). In contrast
to Erd6s-Rényi-style model with iid edges, geometric graph models, such as random dot-
product graphs and random geometric graphs, take into account the latent geometry by
embedding each node in a Euclidean space and determines edge connection between two
nodes by the proximity of their geographical location. While the coordinates are typically
assumed to be independent (e.g. Gaussians or uniform over spheres or hypercubes), the
edges or edge weights are now dependent. The main objective for the present paper is to
study graph matching in correlated geometric graph models, where the network correlation

1s due to that of the latent coordinates.

4.1.1 Model

Given two point clouds { X, ..., X,,} and {Y7,...,Y,} in R%, we construct two weighted
graphs on the vertex set [n] with weighted adjacency matrices A and B as follows. For
each 4, j, let A;; S W (-|X;, X;) and B;; " W(-Y;,Y;), for some probability transition
kernel W. The coordinates are correlated through a latent matching as follows: Consider a

Gaussian model

}/Z:Xﬂ*(l)—i-O'Z“ izl,...,n,

where X;, Z;’s are iid N'(0, I;) vectors and 7* is uniform on S,,, the set of all permutations

on [n]. In matrix form, we have

Y =II"X + o7, 4.1

where X, Y, Z € R™? are matrices whose rows are X;’s, Y;’s and Z;’s respectively, IT* €
S, denotes the permutation matrix corresponding to 7*, and §,, is the collection of all
permutation matrices. Given the observation A and B, the goal is to recover the latent

correspondence 7.
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Of particular interest are the following special cases:

e Dot-product model: The observations are complete graphs with pairwise inner prod-
ucts as edge weights, namely, 4;; = (X;, X;) and B;; = (Y;,Y;). As such, the
weighted adjacency matrices are A = XX and B = YY", both Wishart matrices.
It is clear that from A and B one can reconstruct X and Y respectively, each up to a
global orthogonal transformation on the rows. In this light, the model is also equiva-
lent to the so-called Procrustes Matching problem [MDK ™" 16, DL17, GIB19], where

Y in (4.1) undergoes a further random orthogonal transformation

e Distance model: The edge weights are pairwise squared distances 4;; = || X; — X;||?
and B;; = || X; — X;||*. This setting corresponds to the classical problem of multi-
dimensional scaling (MDS), where the goal is to reconstruct the coordinates (up to

global shift and orthogonal transformation) from the distance data (cf. [BG05]).

e Random Dot Product Graph (RDPG): In this model, the observed data are two
graphs with adjacency matrices A and B, where A;; % Bern (k((Xi, X;))) and
B;; " Bern (k((Xi, Xj))) conditioned on X and Y, and x : R — [0, 1] is some link
function, e.g. x(t) = e*’/2. In this way, we observe two instances of RDPG that are
correlated through the underlying points and the latent matching. See [AFT*17] for

a recent survey on RDPG.

e Random Geometric Graph (RGG): Similar to RDPG, A;; £y Bern(x(||.X; — X))
conditioned on X7, ..., X, for some link function x : R, — [0, 1] applied to the
pairwise distances. The second RGG instance B is constructed in the same way
using Y7,...,Y,. A simple example is x(t) = ly<,) for some threshold r > 0,
where each pair of points within distance r is connected [Gil61]; see the monograph

[Pen03] for a comprehensive discussion on RGG.

Let us mention that the model where the two point clouds are directly observed has

been recently studied by [DCK19, DCK20] in the context of feature matching and inde-
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Linear assignment Dot product Distance

model model model
Random dot product Random geometric
graph (RDPG) graph (RGG)

Figure 4.1: Geometric matching models. Here arrows denote statistical ordering.

pendently by [KNW22] as a geometric model for the planted matching problem, extending
the previous work in [CKK™10, MMX21, DWXY?21] with iid weights to a geometric (low-
rank) setting. In this model, X and Y in (4.2) are observed and the maximum likelihood

estimator (MLE) of 7* amounts to solving
11{16%}75(5/, I1.X). (4.2)

which is a linear assignment (max-weight matching) problem on the weighted complete
bipartite graph with weight matrix Y X ". In the sequel we shall refer to this setting as
the linear assignment model, which we also study in this paper for the sake of proving
impossibility results for the more difficult graph matching problem, as the coordinates are
latent and only pairwise information are available.

Figure 4.1.1 elucidates the logical connections between the aforementioned models.
Among these, linear assignment model is the most informative, followed by the dot product
model and the distance model, whose further stochastically degraded versions are RDPG
and RGG, respectively. As a first step towards understanding graph matching on geometric
models, in this paper we study the case of weighted complete graphs in the dot product and

distance models.
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4.1.2 Main Results

By analyzing the MLE (4.2) in the stronger linear assignment model (4.1), [KNW22] iden-

tified a critical scaling of dimension d at log n:

e In the low-dimensional regime of d < logn, accurate reconstruction requires the
noise level o to be vanishingly small. More precisely, with high probability, the
MLE (4.2) recovers the latent 7* perfectly (resp. with a vanishing fraction of errors)

provided that ¢ = o(n=2/?) (resp. o = o(n~Y/4)).

e In the high-dimensional regime of d > logn, it is possible for o2 to be as large

d

as (4+0(1)) logn

. Since the dependency between the edges weakens as the latent di-
mension increases', this is consistent with the known results in the correlated Erdés-
Rényi and Wigner model. For example, to match two GOE matrices with correlation

coefficient p, the sharp reconstruction threshold is at p? = % [Gan21b,

WXY21]

In this paper we mostly focus on the low-dimensional setting as this is the regime
where geometric graph ensembles are structurally distinct from Erdds-Rényi graphs. Our

main findings are two-fold:

o The same reconstruction thresholds remain achievable even when the coordinates are

latent and only inner-product or distance data are accessible.

e Furthermore, these thresholds cannot be improved even when the coordinates are

observed.

To make these results precise, we start with the dot-product model with A = X X " and

B=YYT andY = II*X + 0Z according to (4.1). In this case the MLE turns out to be

1. For the Wishart matrix, it is known [JL15, BG18] that the total variation between the joint law of the off-
diagonals and their iid Gaussian counterpart converges to zero provided that d = w(n®). Analogous results
have also been obtained in [BDER16] showing that high-dimensional RGG is approximately Erd6s-Rényi.
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much more complicated than (4.2) for the linear assignment model. The MLE takes the

R Bl/2 HAI/Q
[Ty, = arg max/ dQ exp << ’ 5 Q>) , 4.3)
0(d)

form

eSSy, o

where the integral is with respect to the Haar measure on the orthogonal group O(d),
A2 &2 UAY? ¢ R"*4 based on the SVD A = UAU ", and similarly for B'/2. Tt is unclear
whether the above Haar integral has a closed-form solution?, let alone how to optimize it
over all permutations. Next, we turn to its approximation.

As we will show later, in the low-dimensional case of d = o(logn), meaningful recon-
struction of the latent matching is information-theoretically impossible unless o vanishes
with n at a certain speed. In the regime of small o, Laplace’s method suggests that the pre-
dominant contribution to the integral in (4.3) comes from the maximum (B'/2 TTAY/2Q))
over @ € O(d). Using the dual form of the nuclear norm || X||, = maxgeco@)(X, Q).
where || X || denotes the sum of all singular values of X, we arrive at the following approx-
imate MLE:

M, = arg max [|(AY2) T B2, (4.4)

We stress that the above approximation to the MLE (4.3) is justified for the low-dimensional
regime where o is small. In the high-dimensional (high-noise) case, the approximate MLE
actually takes on the form of a quadratic assignment problem (QAP), which is the MLE for
the well-studied iid model [CK16]; in the special case of the dot-product model, it amounts
to replacing the nuclear norm in (4.4) by the Frobenius norm.

To measure the accuracy of a given estimator 7, we define

overlap(7, ) £ %| {ien] :7@[)=n()}|

2. The integral in (4.3) can be reduced to computing [ dQ exp((A, Q)) for a diagonal A, which, in prin-
ciple, can be evaluated by Taylor expansion and applying formulas for the joint moments of @) in [Mat13,
Theorem 2.2].
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as the fraction of nodes whose matching is correctly recovered. The following result iden-
tifies the threshold at which the approximate MLE achieves perfect or almost perfect re-

covery.

Theorem 4.1 (Recovery guarantee of AML in the dot-product model). Assume the dot-

product model with d = o(logn). Let Tany, be the approximate MLE defined in (4.4).

(i) If o < n=2/ the estimator T aw, achieves perfect recovery with high probability:

P {overlap(TamL, 7*) = 1} =1 —o(1). 4.5)

(ii) If o < n~Y%, the estimator T, achieves almost perfect recovery with high proba-
bility:
P {overlap(TampL, 7*) > 1 —0(1)} =1 —o(1). (4.6)

A few remarks are in order:

e In fact we will show the following nonasymptotic estimate that implies (4.6): For

d

all sufficiently small ¢, if 0=¢ > 16n2%°, then overlap(Fanr, 7*) > 1 — ¢ with

probability tending to one.

e The estimator (4.4) has previously appeared in the literature of Procrustes matching

[GJB19], albeit not as an approximation to the MLE in a generative model.

e Unlike linear assignment, it is unclear how to solve the optimization in (4.4) over
permutations efficiently. Nevertheless, for constant d we show that it is possible to
find an approximate solution in time that is polynomial in 7 that achieves the same
statistical guarantee as in Theorem 4.1. Indeed, note that (4.3) is equivalent to the
double maximization

T _ 1/2 1/2
[an = arg max Q@g@)@ ,MAYZQ). (4.7)
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Approximating the inner maximum over a suitable discretization of O(d), each max-
imization over II for fixed () is a linear assignment problem, which can be solved
in O(n?3) time. It can be argued that (4.7) can be further approximated by the clas-
sical spectral algorithm of Umeyama [Ume88] which is much faster in practice and
achieves good empirical performance. For d that grows with n, it is an open ques-
tion to find a polynomial-time algorithm that attains the (optimal, as we show next)

threshold in Theorem 4.1.

Next, we proceed to the more difficult distance model, where 4;; = || X; — X H2 and
B;; = ||Yi—Y;||*. Deriving the exact MLE in this model appears to be challenging; instead,
we apply the estimator (4.4) to an appropriately centered version of the data matrices. Let
1 € R™ denotes the all-one vector and define F = 1117, Then A = —2X X7 +al1' +1a’
and B = —2YY " +b1" + 1b", where a = (|| X;||?) and b = (||Y;||). Strictly speaking,
the vectors a and b are correlated with the ground truth 7*, since b can be viewed as a
noisy version of [I*a; however, we expect them to inform very little about 7* because such
scalar-valued observations are highly sensitive to noise (analogous to degree matching in
correlated Erdds-Rényi graphs [DMWX21, Section 1.3]). As such, we ignore a and b
by projecting A and B to the orthogonal complement of the vector 1. Specifically, we

compute, as commonly done in the MDS literature (see e.g. [SRZF03, OMK10]),

A= —%(I—F)A(I—F), E——%(I—F)B(I—F). (4.8)

It is easy to verify that A = XX  and B = YY T, where X = (/ —F)X and Y =
(I — F)Y consist of centered coordinates )Z = X; — X and 2 =Y, -Y respectively, with
X = % S XiandY = % > Yi. Overall, we have reduced the distance model to a dot
product model where the latent coordinates are now centered.

One can show that the MLE of II* given the reduced data (Av, E) is of the same Haar-

integral form (4.3). Using again the small-o approximation, we arrive at the following
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estimator by applying (4.4) to the centered data A and B:
ﬁAML = arg lr—ln%x ||(21/2)THT§1/2||*. (49)
E€Sn

Theorem 4.2 (Recovery guarantee in the distance model). Assuming the distance model,
Theorem 4.1 holds under the same condition on d and o, with the estimator I AML i1 (4.9)

replacing 1 AML in (4.4).

Finally, we state an impossibility result for the linear assignment model, proving that
the perfect and almost perfect recovery threshold of ¢ = o(n~%/%) and o = o(n~'/¢) ob-
tained by analyzing the MLE in [KNW?22] are in fact information-theoretically necessary.
Complementing Theorem 4.1 and Theorem 4.2, this result also establishes the optimality

of the estimator (4.4) and (4.9) for their respective model.

Theorem 4.3 (Impossibility result in the linear assignment model). Consider the linear

assignment model with d = o(logn).

(i) If there exists an estimator that achieves perfect recovery with high probability, then

o <n?1

(ii) If there exists an estimator that achieves almost perfect recovery with high probability,

then o < n~(—e)/d,

Furthermore, in the special case of d = ©(1), necessary conditions in (i) and (ii) can be

improved to o < o(n~?/%) and o < o(n='/?), respectively.

Theorem 4.3(i) slightly improves the necessary condition for perfect recovery in [KNW?22]
from 0 = O(n~?%) to 0 = o(n~%?). For almost perfect recovery, the negative result in
[KNW22] is limited to MLE, while Theorem 4.3 holds for all algorithms. Moreover, the
necessary condition in Theorem 4.3(i1) was conjectured in [KNW22, Conjecture 1.4, item
1], which we now resolve in the positive. Finally, while our focus is in the low-dimensional

case of d = o(logn), we also provide necessary conditions that hold for general d.
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In view of Fig. 4.1.1, since the negative results in Theorem 4.3 are proved for the
strongest model and the positive results in Theorem 4.2 are for the weakest model, we
conclude that for all three models, namely, linear assignment, dot-product, and distance
model, the thresholds for exact and almost perfect reconstruction is given by n~2/¢ and

n~? respectively.

4.2 Outline of Proofs

4.2.1 Derivation of the Maximum Likilihood Estimator

To compute the “likelihood” of the observation (A, B) given the ground truth IT*, it is

useful to keep in mind of the graphical model

IT* > B

~

<=

— A

where X, Y, IT* is related via (4.1), A= XX, and B=YY".
Note that A are B are rank-deficient. To compute the density of (A, B) conditioned on
IT* meaningfully, one needs to choose an appropriate reference measure ;. and evaluate the

Pa, B+

. . d ) e
relative density i Let us choose y to be the product of the marginal distributions of

A and B, which does not depend on IT*. For any rank-d positive semidefinite matrices A,
and By, define AY/> £ UyAY/2 and BY? £ V,D/2 based on the SVD Ay = UpAL/*Q/ and
By = VoDoO , where Qq, Oy € O(d) and Uy, Vo € V,, g = {U € R™? . UTU = I} (the

Stiefel manifold). We aim to show

(4.10)

Py gy (Ao, Bo|T) / (B 1A*Q)
’ = h(Ap, B dQ ex
dp(Ao, Bo) (4o, Bo) 0(d) Qexp o?

for some fixed function h, where the integral is with respect to the Haar measure on O(d).
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This justifies the MLE in (4.3) for the dot-product model.
To show (4.10), denote by Ns(Up) = {U € Vpq : ||U — Upllr < d} and Ns(Ay) =
{A diagonal : ||A — Ayl|,, < 0} neighborhoods of Uj and Ag respectively. (Their specific

definitions are not crucial.) Consider a -neighborhood of A of the following form:
N;s(Ag) 2 {UAUT : U € Ns(Uy), A € Ns(Ag)}

and similarly define Ns(B,). Write the SVD for X as X = URQ", where U € Vo, @ €
O(d) and the diagonal matrix R are mutually independent; in particular, ) is uniformly

distributed over O(d). Then for constant C' = C'(n, d, o),

P[A € Nj(Ag), B € Ns(Bo)|IT* = 1I]

= E[l{XXTGN(;(AO)}1{YYT€N5(BO)}|H* = 1I]

- EH{UGN&(UO)}1{ReN5(D§/2)}1{YYTeN5(Bo)}’H* = 11]

ly —IURQ "I}
=C-E |:1{U€N5(UO)}1{REN5(D3/2)} i dy]‘{nyEN(;(Bo)} exp (_ 202
Iyl + l[RIIE
=C-E |:1{U€N5(UO)}1{REN5(D3/2)} o dy]‘{nyeN,;(Bo)} exp (_T F<y7 HUR) )

where I : R™4 x R4 — R is defined by

Pl 28 o (829)] - [ s (22072)

Note that this function is continuous, strictly positive, and right-invariant, in the sense that

F(YO,XO') = F(Y,X) for any O,0" € O(d). Thus, as § — 0, we have for some
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constant ' = C’(n,d, o),

P[A € Ny(Ao), B € Ny(Bo)|IT* =11

(. J

£h(Ao,Bo)

- E |:1{UEN5(UO)}1{R6N5(Dé/2)}:| . (27‘(’(1 + 0'2))nd/2/

lvll?
o oren e (31 )

S

u[AeN(;(A(?)TBeNs(BO)]

proving (4.10).

4.2.2 Positive Results

Here we briefly describe the proof strategy in the dot product model. Suppose we want to
bound the probability that the approximate MLE I AML 10 (4.4) makes more than ¢ number
of errors. Denote by d(m;, m) £ > iy Limy(i)£ma(i)y the Hamming distance between two
permutations 7y, o € .S,,. Without loss of generality, we will assume that 7% = Id. By the
orthogonal invariance of || - ||., we can assume, for the sake of analysis, that AY?2 = X and

BY? =Y. Applying (4.7),

m:d(m,Id) >t

P{d(ﬁAML,Id) > t} gP{ max ||X Y|, > ||XTY||*}
<P XY, Q) > (XY, 1) ¢ . 4.11
< {md?#%>t52352>< Q) = (XY, d>} (4.11)
For each fixed Il and (), averaging over the noise yields, for some absolute constant ¢y,

P{XTITY,Q) > (XTY. 1)} < Eexp {~ =3 [ X ~ILXQ}}} (4.12)

In the remaining argument, there are three places where the structure of the orthogonal

group O(d) plays a crucial role:
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1. The quantity in (4.12) turns out to depend on II through its cycle type and on ()
through its eigenvalues. Crucially, the eigenvalues of an orthogonal matrix () lie on
the unit circle, denoted by (¢!, ..., ¢%), with |#,| < 7. We then show that the error

probability in (4.12) can be further bounded by, for some absolute constant C),

d

Cor \
(Coor)tn—o) <H _ +0|“0 €|> , (4.13)

(=1

where n; 1s the number of fixed points in 7 and ¢ is the total number of cycles.

2. In order to bound (4.11), we take a union bound over 7 and another union bound
over an appropriate discretization of O(d). This turns out to be much subtler than the
usual -net-based argument, as one needs to implement a localized covering and take
into account the local geometry of the orthogonal group. Specifically, note that the
error probability in (4.12) becomes larger when 7 is near Id and when (@) is near [,
(i.e. the phases |0,|’s are small); fortunately, the entropy (namely, the number of such
7 and such () within a certain resolution) also becomes smaller, balancing out the
deterioration in the probability bound. This is the second place where the structure
of O(d) is used crucially, as the local metric entropy of O(d) in the vicinity of I is

much lower than that elsewhere.

3. Controlling the approximation error of the nuclear norm is another key step. Note
that for any matrix norm of the dual form || Al| = sup o <1 (4, @), where || - || is the

dual norm of || -

, the standard d-net argument (cf. [Ver18a, Lemma 4.4.1]) yields a
multiplicative approximation maxgen (A4, Q) > (1 — §)||Al|, where N is any J-net
of the dual norm ball. In general, this result cannot be improved (e.g. for Frobenius
norm); nevertheless, for the special case of nuclear norm, this approximation ratio
can be improved from 1 — 6 to 1 — §2, as the following result of independent interest

shows. This improvement turns out to be crucial for obtaining the sharp threshold.

Lemma 4.1. Let N C O(d) be a d-net in operator norm of the orthogonal group
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O(d). For any A € R¥4,

(52
max (4, Q) 2 (1 - 5) [ Al (4.14)

The proof of Theorem 4.1 is completed by combining (4.13) with a union bound over
a specific discretization of O(d), whose cardinality satisfies the desired eigenvalue-based
local entropy estimate, followed by a union bound over 7 which can be controlled using

moment generating function of the number of cycles in a random derangement.

4.2.3 Negative Results

Here we sketch the main ideas for proving the information-theoretic lower bounds in The-
orem 4.3 for the linear assignment model. We first derive a necessary condition for almost
perfect recovery that holds for any d via a simple mutual information argument [HWX17]:
On one hand, the mutual information /(7*; X,Y") can be upper bounded by the Gaus-
sian channel capacity as %d log(1 + 072). On the other hand, to achieve almost perfect
recovery, I(7*; X,Y’) needs be asymptotically equal to the full entropy H (7*) which is
(1 — o(1)) log n. These two assertions together immediately imply that % log(1 + o~2) >
((1 — o(1)) log n, which further simplifies to ¢ = n~(17°(1)/4 when d = o(logn). How-
ever, for constant d, this necessary condition turns out to be loose and the main bulk of our
proof is to improve it to the optimal condition ¢ = o(n~'/?). To this end, we follow the
program recently developed in [DWXY21] in the context of the planted matching model
by analyzing the posterior measure of the latent 7* given the data (X, Y").

To start, a simple yet crucial observation in [DWXY21] is that to prove the impossi-
bility of almost perfect recovery, it suffices to show a random permutation sampled from
the posterior distribution is at Hamming distance (2(n) away from the ground truth with
constant probability. As such, it suffices to show there is more posterior mass over the bad

permutations (those far away from the ground truth) than that over the good permutations
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(those near the ground truth) in the posterior distribution. To proceed, we first bound from
above the total posterior mass of good permutations by a truncated first moment calcula-
tion applying the large deviation analysis developed in the proof of the positive results. To
bound from below the posterior mass of bad permutations, we aim to construct exponen-
tially many bad permutations = whose log likelihood L(7) is no smaller than L(7*). A key
observation is that L(7) — L(7*) can be decomposed according to the orbit decomposition

of (m*)~tom:

L(r) = L(r") = — (IX —II'X,Y) = — > A0), (4.15)
0€0
where O denotes the set of orbits in (7*)~! o 7 and for any orbit O = (iy, g, . . ., %),
t
A0) 2 (Xevtinn) — Xeoi) Yar ) - (4.16)
k=1

Thus, the goal is to find a collection of vertex-disjoint orbits O whose total lengths add up
to {2(n) and each of which is augmenting in the sense that A(O) > 0. Here, a key differ-
ence to [DWXY21] is that in the planted matching model with independent edge weights
studied there, short augmenting orbits are insufficient to meet the 2(n) total length require-
ment; instead, [DWXY21] resorts to a sophisticated two-stage process that first finds many
augmenting paths then connects then into long cycles. Fortunately, for the linear assign-
ment model in low dimensions of d = ©(1), as also observed in [KNW22] in their analysis
of the MLE, it suffices to look for augmenting 2-orbits and take their disjoint unions. More
precisely, we show that there are {2(n) many vertex-disjoint augmenting 2-orbits. This has
already been done in [KNW22] using a second-moment method enhanced by an additional
concentration inequality. It turns out that the correlation among the augmenting 2-orbits
is mild enough so that a much simpler argument via a basic second-moment calculation
followed by an application of Turdn’s theorem suffices to extract a large vertex-disjoint

subcollection. Finally, these vertex-disjoint augmenting 2-orbits give rise to exponentially
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many permutations that differ from the ground truth by Q2(n).

Finally, we briefly remark on perfect recovery, for which it suffices to focus on the
MLE (4.2) which minimizes the error probability for uniform 7*. In view of the likelihood
decomposition given in (4.15), it further suffices to prove the existence of an augmenting
2-orbit. This can be easily done using the second-moment method. A similar strategy was
adopted in [DCK19], but our first-moment and second-moment estimates are tighter and

hence yield nearly optimal conditions.

4.3 Positive Results: Approximate Maximum Likelihood

4.3.1 Discretization of orthogonal group

We first prove Lemma 4.1 on the approximation of nuclear norm on a discretization of

0(d).

Proof of Lemma 4.1. Consider the singular value decomposition A = UDV ", where U,V €
O(d) and D is diagonal. Then the nuclear norm ||Al|, = maxgcow@) (4,Q) = Tr(D) is
attained at Q. = UV ". Pick an element Q € N with Q = Q. + A, where |A|| < 4. By

orthogonality of () and Q,, we have
AQ] + Q. AT+ AAT =0. (4.17)

Note that

AQ! = Q. AT =UDU" =: B. (4.18)

Also, we have

(A,8) = (AQ,,AQ. ), (A,A)=(AT,AT)=(Q.A",Q.A").

145



Adding the above equations and applying (4.17)-(4.18) yield

(A.A) = 2 (BAQT +Q.AT) = — (B,AAT).

This implies
1 1
(A, 8] < SIBILIAI = S 1Al AP,

which completes the proof. O

Next we give a specific construction of a d-net for O(d) that is suitable for the purpose
of proving Theorem 4.1. Since orthogomal matrices are normal, by the spectral decompo-
sition theorem, each orthogonal matrix () € O(d) can be written as () = U*AU, where
A = diag(e’, ..., e%) with §; € [—m, 7] forall j = 1,...,dand U € U(d) is an unitary
matrix. To construct a net for O(d), we first discretize the eigenvalues uniformly and then
discretize the eigenvectors according to the optimal local entropy of orthogonal matrices
with prescribed eigenvalues.

For any fixed d > 0,1et © = {0, = £ : k = |—47| |-27] +1,...,[*Z]}. Then the

set

AL {(N,. ) eCh: N =% 60,€0,j=1,...,d}
is a 2-net in £, norm for the set of all possible spectrum {(A1,...,\q) € C: |)\;| = 1}.
For each (A, ..., \q) € C4, let O(\y, ..., \q) denote the set of orthogonal matrices with a

prescribed spectrum {;}7_ ;. i.e.

O\, .., ) = {0 €0(d): M(O) = N\,i=1,...,d},

where \;(O)’s are the eigenvalues of O sorted in the counterclockwise way from — to 7.

Similarly, define U(\q, ..., Ay) to be the set of unitary matrices with a given spectrum

U, ..., \a) 2 {U*diag(A1, ..., \)U : U € U(d)}.
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Then O(Ay, ..., Aq) C U(A1, ..., Aq) C U(d). Let N’(Aq,..., \q) be the optimal $-net in
operator norm for U(Aq,...,\g), and let N (A, ..., \;) be the projection (with respect to

|- [lop) of N'(A1, ..., Ag) to O(d). Define

N& ) N M) (4.19)

We claim that NV is a d-net in operator norm for the orthogonal group.
Lemma 4.2. The set N C O(d) defined in (4.19) is a d-net in operator norm for O(d).

Proof. Given Q € O(d), let its eigenvalue decomposition be Q = U*AU. where A =

diag(\1, ..., Ag). Then there exists A = diag(\i, ..., Aq) where (Ai,..., \q) € A, such
that ||[A — A|| < 8. By definition, there exists U € U(d) such that U*AU € N'(A1, ..., \g)
and ||U*AU — U*AU|| < 2. Let Q) € N denote the projection of U*AU. Then

1Q - Q| < |Q — U"AT| + |U*AT - Q|
<2||U"AU - Q|
= 2| U*AU — U*AU||

< 2(||[U*AU — U*AU|| + ||[U*(A — A)UJ|) < 6,

where the second inequality follows from projection. [
The size of this d-net is estimated in the following lemma.

Lemma 4.3 (Local entropy of O(d)). For each (\y, ..., \q) where \; = €%, we have

2maxwe\)“2 420)

|N()\1,...,)\d)|§(1+ 5

Proof. Note that

Ui, ..., \) =T+ {Udiag(\ —1,...., 0= D)U:UeUd}=T+U\,...,\).
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For any matrix ) € ﬁ(z\l, ..., Ad), we have

elfe 1‘2 = max |2 — 2 cos 0| < max |6,>.

2
1Qllg, = max

where || - ||op is the the operator norm with respect to C¢ — C?. This implies
U(Alv s 7)\d) - B(I’ max |0€|)7

where B(/, r) is the operator norm ball centered at /,; with radius 7. As a normed vector
space over IR, the space of d x d complex matrices has dimension 2d? since C*¢ ~ R24”
Then the desired result follows from a standard volume bound (c.f. e.g. [Pis99, Lemma

4.10]) for the metric entropy

, 2 max |6,] \ >
[N A S N A Al < {14 ———
0
4.3.2 Moment generating function and cycle decomposition
Based on the reduction (4.49), it suffices to estimate
> 2. > MmO
M#L (A1, Aq)EA QEN (A1,..,Aq)
where
1
pIILQ) £ Bexp { - X~ XQIE }. @21)

This moment generating function (MGF) is estimated in the following lemma.

Lemma 4.4. For any fixed 11 € S,,, let O denote the set of orbits of the permutation and

ny, be the number of orbits with length k. Let Q € O(d) and denote by ¢, ... €% the
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eigenvalues of Q, where 0, . ..,0, € |[—m,7w|. Then

n

pILQ) = J[ ao@ =]]a@m, (4.22)

0€0,|0[>1 k=1
where

ar(Q) £ (4™ ] [(\/1 + 402 +20)%% + (V1 + 402 — 20)* — 2 cos(kb;) o :

(=1

(4.23)

satisfying, forall 1 < k < n,
ax(Q) < a(I) < (4o)FDd, (4.24)

Furthermore,
d
1

< d S 4.25
al(¢2> —»((70) }ig 0_+_|0£|7 ( )

where C' > ( is a universal constant independent of d,n, o.

Proof. For simplicity, denote t = . Let z = vec(X) € R"™ be the vectorization of X,

3202

and note that = ~ N(0, I,,4). Through the vectorization, we have
2
IX —TIXQ|p = ||(Ina — QT @ Iz||”.
Let H= I, — QT ®1I, then
_1
p(IL,Q) =Eexp (—tz"H Hz) = [det (I +2tH H)] *. (4.26)
Note that the eigenvalues of H are

Nj(H) =1—=0(QN)ND), i=1,....d, j=1,...,n.
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This leads to

n 1
2

p(1LQ) =111 (1 +2t]1 - )\,-(QT))\J-(H)|2) . 4.27)

i=1 j=1
Through a cycle decomposition, the spectrum of II is the same as a block diagonal

matrix II of the following form

st ng o

= diag (P{",..., P, P, W, P, P,

where ny, is the number of k-cycles in 7w, and Pl(k) == 75,’,:) = P®isak x k circulant

matrix given by

0 1 0 |
00 1
Pk — 0 0
1
_1 O 0 |

It is well known that the eigenvalues of P*) are the k-th roots of unity {ei%j }?;5. There-

fore, the spectrum of II is the following multiset
Spec(I1) = {e'%7* with multiplicity ny : 1 < k <n,jx =0,....k—1}.  (4.28)

Recall that el ... e% are the eigenvalues of (). Note that the eigenvalues of Q' are the

complex conjugate of the eigenvalues of (). Combined with (4.27) and (4.28), we have

- ﬁ [H (1 + 4t — 4t cos(—0, + Q%J'))_W] £ ﬁ ar(Q)™.  (4.29)

k=1

-1/2
(1 + 2t ‘1 — e’ie‘fei%j
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Define
k

FO) = || (1+4t — 4tcos(6 + 2%5)),

|
—

<.
I
o

To simplify f(6), let p = Y2 and g = YL 5o that p? 4 ¢? = 1 + 4t and pg = 2t.

Thus,
k-1
f(0) = H (P> + ¢* — 2pgcos (225 +0)) .
=0
Note that
k—1 k-1
o — e = H (p B qei%ﬂ”i(’) e — H (p B qei%j—w) '
=0 =0

Multiplying the above two equations gives us

k-1

ka + q% — kaqk cos kO = H (p2 + ¢* — 2pq cos (2%] + 9)) = f(0).
j=0

which implies

£(6) = (\/T;H 1)2’“+ (M—l

5 ) — 2(2t)F cos(k0)

(L)% l(m+ 20>2k + (ViTar - 2(7)% — 9cos k@} .

4o

Note that a,(Q) = H?Zl f(—6,)7'/2, and therefore we have shown (4.23). In particular,

d
a1(Q) = (40) ] (2 — 2 cos b, + 165%)"=. (4.30)

(=1

Since sin? @ >  for 6 € [T, T], we have

\/2 —2cosf; + 1602 = \/481112(@5/2) + 1602 > \/QSin2(65/2) + V8a?

> /2(6,/4)2 + V802 = V/2|0,] /4 + 2V/20
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Consequently, this gives us (4.25). In general, note that
(V1+402 +20)%* 4+ (V1 + 402 — 20)** — 2 > (4ko)?,

which completes the proof for (4.24). To see this, define g(z) = ¥ — =% which is

increasing in x. Then

2
(VI + 402420) 2%+ (VI + d02—20)%—2 = g (\/1 4o+ 20) > g(1+20)2 > (4ko)?,
where the last inequality holds because (1+a)* — (1 —a)* > 2ak for a > 0. Finally, (4.22)
follows from (4.29). [

Based on the above representation via cycle decomposition, we have the following

estimate for the moment generating function.

Lemma 4.5. Suppose d = o(logn). For some oq > 0, let 6 = o¢/\/n and N C O(d) be
the 6-net defined in (4.19).

(i) If o9 = o(n=%/9), then

ZZEeXp{— ! ||X—HXQH§}20(1). (4.31)

2
O#1, QEN 320;

(ii) Forany e =¢e(n) >0, ifoy? > 16n2%%, then the following is true

1
> ZEexp{—BQUOQ ||X—HXQ||§} = o(1). (4.32)

d(w,Id)>en QEN
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Proof. (i) For any fixed Il € S,,, combining (4.24) and (4.25) yields

d 1
1
e < (O n1d+3 "y 50 ng(k—1)d
[Lox@) < (Cov) 15+

E>1
1\
C Zk>2 nk)
( 00) ( 9@ + O'o)

nimy 1\
< (Coy)™ d( i > . (4.33)
=1 7T 00

Note that by Lemma 4.3, we have

5 mgé max ’mg’ 2d? Zd ‘mf‘ i d |m5| 2
N (e L) < (1 P < (=) <TI0 ‘
) e A = = (T <II{1+ 2

Using Lemma 4.4 and (4.33), this leads to

> (@)

II£I, QEN

- d
- n Z(OU )n+2n1 (n n )‘<n) l—i: (1 + |m|)2d2
= 0 — N1 ). o
=0 nq e _4% (% + 0o )nl 2
n—2 n i f%ﬂ 1 d
< Coo) 2 % (n —ny)! L Imlyea
3 (o0 iy (") I TR
! | m=—F]
S o | jml 242 d
<3 ((Cooy'n) En——E
n1=0 m:LZALng ( + E|m|)n1 2

where the second line follows from Lemma 4.3 and the fourth line follows from the fact

that the number of permutations with n; fixed points is at most (n — n;)! ( ) < n"m,

ni
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Recall that 6 = o/+/n and 0y = o(n~%%). For any fixed 1 < n; <n — 2,

il [

1 2 1 >
T £ (1+M)2d _ Z (1+ M)Zd _
ni 5 n 2 Im| \n 2
\_ 4%] (1+4g0‘m|) ! m:L*%J (1+m) !
If ny < +/n, we have
[4F im| 2 g 9\ 2 dr/m 2d2+1
T, < 14+ — < — (14 = <2 ) 4.35
B L RO T e
m=|—

Therefore, let o ¢ — I, and L = n?K where K > 1, then

((000>dn2) #

Vn _— 2d%4+1
Z ((Cop)n?) * T2 </ [2 <47r\/ﬁ>
n1=0

0o

< OF 2 2341 pr—nn

< OF 28 [34% [r—%

< O exp (3d*log(n’K)) exp (—% log K)

< % exp <(6d2 +2d*) log n — <g — 3d2> log K)

= o(1), (4.36)

where the last line follows from K > 1 and d = o(logn).
On the other hand, for /n < n; < n—2,we decompose it into two parts T,,, = J; + Jo,

where

1
Jl é Z (1_'_@)%[27

Im| \n
mizsyi (T 2g)™

1 o
) D — TS

8y/n<|m| <4z (1+ m)’“

[l

Ja
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We first show that the contribution of .J; is negligible. To see this, note that

4r/é
Ty < CAymm >
m=1+8y/n
4w /8 )
0(4\/5)"1/ g~ (m=2 4y
8v/n
1 2
< 4 ni —n1+2d°+1
1 2,1

< 2—n1+6d2+3 d?+1
B ¢ ny — 2d2 -1 i

< 02 m/2pd

Recall that n; > /n and d = o(log n). Therefore we have .J, = o(1). Moreover, a simple
observation is that 7;,, > 1. This concludes that .J; is negligible and it suffices to bound .J;.

Note that for 0 < x < 2 we have 1 + x > ¢%/2. Therefore, this implies

Bl )

For n; > 32y/n(logn)?, we have f f since d = o(log n). Consequently, in

this regime we have

L n C C
J, <C L m)< __ < :
<03 e (gam) < T S T
Thus, for n; > 32v/n(logn)?, we have

—d
T¢ < (27 < ¢ (1 _ e—4<10g">2> < Clexp (de_4(1°g")2> <, 4.37)

For /n < n; < 32y/n(logn)?, we use a trivial bound

J < C Z (1 + —>2d2 < C<8\/ﬁ)2d2+1'
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In this case,

Td < OU8y/n)*EHL, (4.38)

Thus, (4.37) and (4.38) together imply

n—2
n-ny

Z ((C’ao)an) 2 Tgl

ni=/n

32y/n(logn)? _— n—2 ey

< Z ((Cog)™n®) = T¢ + Z ((Cog)™n®) = T2

n1=vn n1=32y/n(logn)?
< 32v/n(log n)2CT (8y/n)?¥*+927" 4 Clgin?
=o(1) (4.39)

Combining (4.36) and (4.39) together, we obtain

> p(ILQ) =o(1),

41, QEN

which completes the proof.

(i1) Due to the stronger noise level, we need to be more careful in (4.33):

d ni
, 1
| | "< (C nid+37 5, n5(i—1)d | |
#(Q)" < (Ceo) oy 0e] + 00

Jj=1
d

n 1
— (Co dn—d377_ i n; ]
o) ey

o0

(4.40)

For simplicity, denote by k& = d(,Id) = n — n, the number of non-fixed points of 7. Let
7 be the restriction of the permutation 7 € S, on its non-fixed points, which by definition

is a derangement. Denote the number of cycles of a permutation 7 by ¢(7). An observation
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is that ¢(m) = > 7| n; = ny + ¢(7). Then Lemma 4.4 and (4.40) yield

>, 2 pLo)

d(m,Id)>en QEN

n [4777-‘ d
n mq6 M e 1
SZ(k) 2 > V()| (oo O]
k=en 7 derangement ... md:L_%TJ /=1 (1 + oo

Denote L = o, d_Using (4.34) and rearranging the above inequality give us

> Q)

d(m,Id)>en QEN

0 Ea a
Y g * 1 ]\ 242
<> (k>L DAY T -(1+ 1) . (441
k=en 7 derangement m= |__4T7TJ 400
Note that

Z LC(%) = k! E, [LC(T)I]-{T is a derangement}} )

7 derangement

where the expectation [E. is taken for a uniformly random permutation 7 € S;. To bound
the above truncated generating function, recall that the generating function of ¢(7) is given

by (see, e.g., [FS09, Eq. (39)])

B (1] = <L+ll§—1)_L(L+1)..];;!(L+k;—1)_ (4.42)

Pick some « € (0, 1) to be determined later and obtain the following

ET [Lt(T)]l{T is a derangement}} S ET [Lc(T)I]‘{C(T)Sk/Z}]

<E. |:Lac +(1- )]_LlazE [Lac ]:L(l Q)S(L +kk:—1)
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log k

Choosing a = 22 L
ok — 1\ (L\*?  [16L\"?
ET LC(T)]l 7 is a derangemen < ’n < — . 443
Bt < () (7)< () @
Recall that
kil '
Ty = (1+ Z)2®,
2 Ty

For k < n — y/n, each term T,_ is bounded by (4.37) and (4.38). On the other hand,
if K > n — \/n, we control T,,_j, via (4.35). Here in the case of almost perfect recovery,
combined with (4.43), the assumption on o yields a superexponentially decaying term in

the summation (4.41). Specifically, combined this with (4.41) and (4.43), we obtain

Z ZpHQ <J1+J2,

d(mw,Id)>en QEN

where

n—32y/n(logn)? k/2
d n K 16L
e’ ST (e ()

k=en

n k
Jp & C P2 [ > (k) L7k (”liL) "

k=n—32y/n(logn)2+1

Let L = nK where §log & > log2. Recall that d = o(logn). Then applying Stirling’s

approximation gives us

16n en/2 K
Jy < Cn2n ( 7 > < C'nexp (n log 2 — —log 1—6> = o(1), (4.44)
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and

n/3
J, < Cd3n2d3+1L2d2+12n (167”>

K
< C¥p2P 1 exp |:(2d2 +1)logn + (2d* +1)log K + nlog2 — glog — | =o(1).

16
(4.45)
Combining (4.44) and (4.45) implies
> D p(LQ) =o(1),
d(w,Id)>en QEN
which completes the proof. ]

The estimate of the moment generating functions results in the following lemma, which

plays a crucial rule in the probability reduction estimate (4.49).
Lemma 4.6. For some oy > 0, let § = 0¢/+/n and N be the §-net defined in (4.19).

(i) If o9 = o(n~2/?), for any constant ¢ > 0, the following inequality is true with high
probability
min min | X — IXQ|, > ¢Vdoy. (4.46)

II£I, QEN

(ii) Forany e = £(n) > 0, ifao_d > 16n2%/%, the following is true for any fixed constant

¢ > 0 with high probability

Jnin i |X —TIXQ||p > ¢V doy. (4.47)

Proof. (i) For fixed II # I,, and ) € N, by the Chernoff bound, for every ¢t > 0 we have

P {||X —TIXQ|, < c dao}

=P {e_tHX_HXQ”% > e_tczdgg} < (IR exp (—t | X — HXQH%) )
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Taking t = by the union bound we have

32 2’

]P’{rnm mm | X —IIXQ|p > C\/c_iao} =1-P{3M#1,,3Q € N s.t. | X -1IXQ|p < cop}

#I, Q
?a 2

II£I; QEN

>1-o(1),

where the last step follows from Lemma 4.5.

(i1) The arguments are similar with Part (i). Using Chernoff bound and Lemma 4.5, we

have
>
P {d(ﬂrﬁgmgle% | X —TIXQ|p > C\/gao}
1 2
>1—e® E X —IIX
S S Eew{- X - nxgl )
d(w,Id)>en QEN
>1-o0(1),

which completes the proof. ]

4.3.3 Consistency of Approximate MLE
Now we prove Theorem 4.1.

Perfect Recovery For o < n2/% let§ = o/\/n and let N be the §-net in operator norm

for O(d) defined in (4.19). Applying Lemma 4.1, we have

PRIV 2 XYL < P { g (CTTY.0) > (XY 1) |
S

<P {513§<XTHTY Q) > (1 —-6)(XTY, Id>} .
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For fixed II and (), we have

P{UXTIITY,Q) > (1—0*)(XTY, 1))}

—P{o(Z,(1— )X ~ IIXQ) = (1 - &)X |2 — (X, TIXQ)} .
Note that we have the following observations
X2~ (X, 11XQ) = 5 | X ~ X Q.
and

(1 = )X = IXQ[ = (1= 6 X7+ 1X I} — 2(1 = 6°) (X, 11X Q)

= (1=0") | X —1XQI7 — " | X -
Therefore,

P{XTITY,Q) > (1-6)N(XTY, 1)}

1
:P{UN (0.(1— &) X —TIXQ|IE — 6" | X[}) > 5 |IX — IXQ} — ¢? HXH%}

1
<2 {o (0.1 ~XQIR) 2 X - QI — 5 X3} @.48)
Consider the following events

& = {cdn < X2 < Cdn}, &= {minmi]r\} 1 X —1IXQ|p > C\/ga} :

IIA] Q¢

It is well known that P {&;} = 1—o0(1), and by Lemma 4.6 we also have P {&,} = 1—0(1).
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On the events &; and &, the previous estimate (4.48) for IT # [ reduces to

P{XTIT'Y,Q) > (1 - &N X Y, Ly), &1, &)
1
3202

1
< P{on (01X - IXQIR) = {1 ~ 1XQIE f < Boxp { -~ 1x - X}

(4.49)

By Lemma 4.5, the reduction (4.49) and a union bound, we have

P{maXHXTHTYH* > HXTY||*}
AT
< P{nr}gc IXTIY L > uxTYH*,sl,eQ} LP{E) +PLES)

<P {g% glg])é(XTHTY, Q) > (1 —XTY, 1), &, 52} +0(1)

<D ) P{XTTY,Q) = (1N XY, 1), €1, &} + o(1)
#I, QEN

< 3 S sew { - I - xQIE | ot
#I, QEN 320

=o(1).

This implies that the ground truth II* = [, is the approximate MLE with probability 1 —
o(1),i.e.,

P {argmaxycg, | X II'Y|. = I,} =1 —o(1),

which shows the success of perfect recovery with high probability.

Almost Perfect Recovery The arguments are essentially the same. For a sufficiently

small ¢ = £(n) > 0, take 0=¢ > 16n2%° and consider the event

£y = {d( min  min [| X - IIXQ|, > C'\/aa} .

m,Id)>en QEN
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Then Lemma 4.6 implies P {€5} = 1 —o0(1). On the event &; and &}, the reduction estimate

for IT with d(m, Id) > en still holds
1
o
Combining this with Lemma 4.5, we have

P {d( max || XY, > ||XTY||*}

m,1d)>en
1 2
< E E E exp {—3202 | X — HXQHF} +o(1) = o(1).

d(m,Id)>en QEN

Thus,

P {overlap(TamL, 7*) > 1 — e} =1—o(1).

Taking o < n~'/? so that € = o(1), this implies the desired (4.6).

4.4 Negative Results: Analysis of Posterior Sampling

In this section, we derive necessary conditions for both almost perfect recovery and perfect
recovery for the linear assignment model (4.1). These conditions also hold for the weaker
dot-product and distance models.

As a warm-up, we first derive a necessary condition for almost perfect recovery that
holds for any d via a simple mutual information argument. Then we focus on the special
case where d is a constant and give a much sharper analysis, improving the necessary
condition from o < n~(1=°(M)/4 to 7 = o(n~'/?). Note that achieving a vanishing recovery
error in expectation is equivalent to that with high probability (see e.g. [HWX17, Appendix
A]). Thus without loss of generality, we focus on the expected number of errors Ed (7*, 7)

in this subsection.

Proposition 4.1. For any € € (0,1), if there exists an estimator 7 = 7(X,Y") such that
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Ed (7%, 7) < en, then

1 1 |
Dog (14 L) (1= togn+1+ 260+ (4.50)
2 0?2 n

Proof. Since 7* — (X,Y) — 7 form a Markov chain, by the data processing inequality

of mutual information, we have
I (5 X,)Y)> 1 (r";7)=H(x") — H (7"|7) . (4.51)

On the one hand, note that H(7*) = log(n!) > nlogn — n. Moreover, for any fixed
realization of 7, the number of 7* such that d (7*,7) = (is (;)!¢ < n’, where ¢ denotes

the number of derangements of ¢ elements, given by

and -] denotes rounding to the nearest integer. Therefore,
H (r*|7,d (7", 7)) < Ed (7", 7)logn < enlogn.
Furthermore, d (7*, ) takes values in {0, 1,...,n}. Thus from the chain rule,
H(r*|7) = H(d (7", 7) |7) + H (7*|7,d (7", 7)) <log(n+ 1) + enlogn.  (4.52)
On the other hand, the information provided by the observation (X, Y") about 7* satisfies

(7 X,)Y)=1(II"X; 11" X + 0 Z|X)

(a) 2
21 (1 S

- 2 ndo?
nd 1
=3 log <1 + ;) , (4.53)
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where (a) follows from the Gaussian channel capacity formula and the fact that the mutual
information in the Gaussian channel under a second moment constraint is maximized by

the Gaussian input distribution. Combining (4.51)—(4.53), we get that

d 1
%log (1 + —2> > (1—¢€)nlogn —n —log(n+ 1),
o

arriving at the desired necessary condition (4.50). ]
The necessary condition (4.50) further specializes to:

e d=o(logn):
o =0 (n079). (4.54)

This yields Theorem 4.3(ii) and resolves [KNW22, Conjecture 1.4, item 1] in the

positive;
e d=0(logn):
< 1—e+ 0(1);
T oVn?d—1
o d=w(logn):

o< d
—\V2(1—€e—o(1))logn

In this case, this necessary condition matches the sufficient condition of almost per-
fect recovery in [DCK20, Theorem 1] and [KNW22, Section A.2] up to 1 + o(1)
factor, thereby determining the sharp information-theoretic limit for the linear as-

signment model in high dimensions.

While the negative result in Proposition 4.1 holds for any d, the necessary condi-

tion (4.50) turns out to be loose for bounded d.
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4.4.1 Analysis of Posterior Distribution

To prove the optimal information-theoretic limits, we follow the program in [DWXY21]
of analyzing the posterior distribution. The likelihood function of (X,Y") given IT* = II
is proportional to exp(—5+3 ||Y" — ILX ||3). Therefore, conditional on (X,Y"), the posterior

distribution of IT* is a Gibbs measure, given by

1 1

pxy(I) = Z(X.Y) exp (L(I)), where L(II) = = (IIX,Y),

and Z(X,Y) is the normalization factor.
As observed in [DWXY21, Section 3.1], in order to prove the impossibility of almost

perfect recovery, it suffices to consider the estimator IT which is sampled from the posterior

distribution 1y (II). To see this, given any estimator Il = 1I(X,Y), (I, IT*) and (II, II)

are equal in law, and hence

~ ~ A~

E[d(IL, IT*)] < E[d(IL, I1)] + E[d(IT*, IT)] = 2E[d(IT*, I1)],

which shows that I is optimal within a factor of two. Thus it suffices to bound E[d(ﬁ, )]
from below.
To this end, fix some ¢ to be specified later and define the sets of good and bad solutions

respectively as

Myooq = {I1 € S, : d(I, 1) < on},

II,.q = {H €S, : d(H,H*) > (;TL}
By the definition of IT, we have

E[A(IL IT')] > 6n - Elpix.y (TToag).
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Next we show two key lemmas, which bound the posterior mass of I1y,04 and Ilgq.q from

above and below, respectively.

Lemma 4.7. Assume o = aon~'/? for any constant oy € (0,1/2). For any constant § such

that § < 16(200)%, with probability at least 1 — 46ne="/ 18",

on
1ixy (Tgood) 16€%(20¢)?
: < . .
0 S 2 5 (4.55)

Lemma 4.8. Assume 0 = ogn =1/ for some constant oy. There exist constants dy(0g, d)
and c(0y, d) that only depend on oy, d such that for all § < &y and sufficiently large n, with

probability at least 1/2 — ¢/n,

M > eéon/2. (456)
pxy (1)~

We prove Lemma 4.7 by a truncated first moment calculation. To do this, we need the

following key auxiliary result.
Lemma 4.9. Assume that n(20)? < 1. Then for any { € [0, n],
1 ot 16n2(20)4\
> Eexp (—@HHX —1I XHF> < <T .
TL:d(I1,IT* ) =¢
Proof. 1t follows from (4.24) in Lemma 4.4 that

20" < 20y
1

1
Eexp | ——— [|[IIX — IT*X ||} | <
802

n
k=

where ¢ = n — ny is the number of non-fixed points, 7 is the restriction of the permutation

167



7 on its non-fixed points, and ¢(7) denotes the number of cycles of 7. It follows that

1 * N
Z EeXp (_@HHX —1I X”% ) < (6) ﬁET [L ( ):H-{T is a derangement}}
TL:d (I, 1T+ ) =¢

n\* o(r

S (E) ]ET |:L ( )]1{7' is a derangement}:|
16n2\ "/

< )

B ( (L )

where L = (20) ¢, the expectation E, is taken for a uniformly random permutation 7 € .Sy,

and the last inequality follows from (4.43). [

Proof of Lemma 4.7. Note that

pxy (Mgood) _ $ ML) 4R,
px,y (I1%) €T, 00 7

where

[I>

Ry

Z L —L(1IT7)

IL:d(I1,II*)<Bn/log n

3 L= L(I1")

IT: 8% <d(IT,IT*)<én

logn —

lI>

Ry

for some [ to be specified. Next we bound R; and R, separately.

First, the number of permutations I such that [T~! o IT* has ¢ non-fixed points is

Il e S, : d(ILIT) = ¢}| =1¢- <Z> (4.57)

where 1/ = [%] Thus

2—1€n(n—1) e (n—t4+1) < |{TT € S, : d(IL,TT) = £}] < %n(n—l) e (n—l41). (4.58)
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Furthermore, for any II,

. 1
FEe MW=L — Rexp (—2 (IIX — II* X, Y>>
g

1 1
— Eexp (—2 (X —TIX, T°X) + o5 [T — H*X||%)
g

g

=1, (4.59)

where the first equality holds due to Y = IT* X + 0?7 and Eexp((A, Z)) = exp(||A]|%/2)
and the second equality follows from (ITX — IT* X, II*X') = —1||TIX — IT*X|}.
To bound Ry, using (4.58) and (4.59) we have

L 2 206n
B N RIS S 2t B
d(H7H*)< lt)Bgnn €< lfgﬁn

By Markov’s inequality,
28n 2n
P {R1 >e } < —exp(—fn). (4.60)
e

To bound Rs, the calculation above shows that directly applying the Markov inequality
is too crude since E[R;] = 9™ Note that although L(IT) — L(IT*) is negatively
biased, when L(IT) — L(II*) is atypically large it results in an excessive contribution to the

exponential moments. Thus we truncate on the following event:

g2 N {L(IT) — LAT*) < 7 (d(IL, IT%))}

I: 2" <d(I1,11%) < 6n

logn —

for some threshold 7() to be chosen.
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Then for any ¢’ > 0,

P {Rg > eC’”}

<P{E)}+P {{}22 > ") N 5}

<P{&}+P Yoo I < aany 2 €

lfg"n <d(I1,IT*)<6n

<P{E}+en > Ee = )Ly <) (4.61)
Bn_ < q(IT,IT*) <én

logn —

To bound the first term, note that for any ¢ > 0,

P{L(II) = L(I*) > 7}
22—t
202

t

< e ""Eexp (—2 (IX —IT" X, Y>) = e "Eexp ( ITIX — T X |2 )
o

By choosing t = 1/2, we get that

1
P{L(IT) — L(IT*) > 7} < e "/*Eexp (—ﬁnnx — 1" X3 >
o

Recall from Lemma 4.9, we have that

1 . 16n2(20)%\ 16n(20)4\ ”
Y Eew <—@HHX 1 XH%) < (#) — ((TO)) .

IT:d (1,11 )=¢
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Therefore, it follows from a union bound that

P{&e} = > P{L(IT) —
2 <d(ILIT*)<dn
161(20¢)?
—r(0)/2 ( 221\=P0)
< X (2
= Z et < 5neilt€%,
Bn_<p<in

logn —

L") =

7 (d(IL 117)) }

)e/z

(4.62)

where the last equality holds by choosing 7(¢) = ¢log(16e?n(20¢)?/().

For the second term in (4.62), we bound the truncated MGF as follows:

Z Eelt

d(IL,I1*)=

"L - L) <r @)y

< - Z ) ]Eexp (% (L(TT) — L(IT*) + r(e)))

< ) Eexp(——HHX HX||2> T(0)/2

T (T1, IT* ) =¢

/2

< <16n(200)d) o072

- 14
‘

< 16en(20¢)? |

- 14

It follows that
Z EelUD-L(I )1{L(H) L) <rd(ILITH)} <

Bn_ < (T1,11*)<6n

logn —

where the last inequality holds for all 6 < 16(20)
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B <p<sn

logn —

d\ on
<on (—166(§00) ) ;

4, Choosing ¢’ = 4 log(16€2(20¢)?/6),



we get that

o—cn 3 Ee! M2 o p ey <raqieyy < one ™" (4.63)
Br_ < q(11,11%)<én

logn —

Substituting (4.62) and (4.63) into (4.61), we get
2 d\ on
P {Rg > (M) } < 25nePn/logn
Combining this with (4.60) and upon choosing 5 = 9, we have

1 2 9 dN\ on
P {R1 + Ry >2 <M) } < 45ne_6”/1°g",

concluding the proof. 0

To prove Lemma 4.8, we aim to construct exponentially many bad permutations m
whose log likelihood L(7) is no smaller than L(7*). It turns out that L(7) — L(7*) can
be decomposed according to the orbit decomposition of (7*)~! o 7 as per (4.15). Thus,
following [DWXY21], we look for vertex-disjoint orbits O whose total lengths add up to
2(n) and each of them is augmenting in the sense that A(O) > 0.

In the planted matching model with independent weights [DWXY21], a great challenge
lies in the fact that short augmenting orbits (even after taking their disjoint unions) are
insufficient to meet the €2(n) total length requirement. As a result, one has to search for long
augmenting orbits of length Q2(n). However, due to the excessive correlations among long
augmenting orbits, the second-moment calculation fundamentally fails. To overcome this
challenge, [DWXY21] invents a two-stage finding scheme which first finds many but short
augmenting paths and then patches them together to form a long augmenting orbit using the
so-called sprinkling idea. Fortunately, in our low-dimensional case of d = ©(1), as also
observed in [KNW22], it suffices to look for augmenting 2-orbits and take their disjoint

unions. More precisely, the following lemma shows that there are {2(n) vertex-disjoint
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augmenting 2-orbits, from which we can easily extract exponentially many different unions
of total length Q2(n). In contrast, to prove the failure of the MLE for almost perfect recovery

in [KNW?22], a single union of {2(n) vertex-disjoint augmenting 2-orbits is sufficient.

Lemma 4.10. If 0 = oon~'/%, then there exist constants c(cy,d), dy(0o, d), and ny(oo, d)
that only depend on oy and d such that for all n > nq, with probability at least 1/2 — ¢/n,

there are at least 6on many vertex-disjoint augmenting 2-orbits.

This lemma is proved in [KNW?22, Section 4] using the so-called concentration-enhanced
second-moment method. For completeness, here we provide a much simpler proof via the

vanilla second-moment method combined with Turan’s theorem.

Proof. Let I;; denote the indicator that (i, j) is an augmenting 2-orbit and [ =}, _. ;.
To extract a collection of vertex-disjoint augmenting 2-orbits, we construct a graph G =
(V, E), where the vertices correspond to (7, j) for which I;; = 1, and (¢, j) and (k, ¢) are
connected if (,7) and (k, /) share a common vertex. By construction, any collection of
vertex-disjoint 2-orbits corresponds to an independent set in G. By Turdn’s theorem (see
e.g. [ASO8, Theorem 1, p. 95]), there exists an independent set .S in GG of size at least
\VI?/(2|E| + |V|). It remains to bound |V| from below and | E| from above.

Note that |[V| = I = >,_. I;;. For all n sufficiently large, 0% < d/40 and it follows

i<j i

from [KNW?22, Prop. 4.3] that

R 1 L\ -2
APl =11> 1+—= :
p =Pl =1} 1000@( 02>

Therefore,

1 1\ 42
wegren (g ()

i<j

Under the assumption that o = oogn =<, it follows that EI > ¢ (d, o¢)n for some constant
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co(d, 09) that only depends on d and o,. Moreover,

Var(I) = > Cov (I, I)

1<j,k<t

= Var(I;) + > Y (Cov (I, L) + Cov (I, Ijx))
1<j 1<) k:k#i,j

< ZEIZQJ +Z Z (EL; Ly + EL; L),
i<j i<j kik#ij

where the second equality holds because /;; and I, are independent when {7, j} N{k, (} =

(). Recall that ]Elizj = [EI;; = p. Moreover, it follows from [KNW22, Prop. 4.5] that

3\
El;j I, < <1 + @) .

Combining the last three displayed equation yields that

—d
Var(I) < EI + n? (1 + i) : (4.65)

402

Under the assumption that o = ogn ="/, it follows that Var(1) < EI + ¢,(d, o¢)n for some

c1(d, 0g) that only depends on d and 0. By Chebyshev’s inequality,

]P’{I < 1EI} < Warll) Aleoter)
2 (EI) cgn
Moreover,
E[=)_ > i)
1<j k:k#i,j
and hence

3\
E|E] = Z Z (EL; L, + EL; L) < (1 + E) < ¢1(d, op)n.

i<j kiki,g

By Markov’s inequality, | E| < 2[E|E| with probability at least 1/2. Therefore, with proba-
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bility at least 1/2 — 4¢; /(c2n),

2 2 2,2
VIP o EDA gt

S| >
1512 SBT3 V] Z BT EI2 2 Tom t conf2 =

for some constant dy(d, o) that only depends on d and o. O

Proof of Lemma 4.8. By Lemma 4.10, from dyn such vertex-disjoint augmenting 2-orbits,
we choose dpn/2 many of them and form a union of augmenting 2-orbits with the total
length don/2 x 2 = Jyn. There are ( 5(‘?272) many different unions, and each of such union

corresponds to a permutation IT with d(IT, IT*) = don and L(IT) > L(IT*) in view of (4.15).

Therefore, for any o < J,

pxy (Tpag) S ( don ) S 9don/2.
/J,X7y(1_.[*) - 5071/2 -

4.4.2 Impossibility of almost perfect recovery

The optimal information-theoretic threshold for almost perfect recovery is stated in the

following theorem.

Theorem 4.4. Assume o = aon~"/% for any constant oy € (0,1/2). There exists a constant
do(00, d) that only depends on o, d such that for any estimator 1l and all sufficiently large
n,

Ed (H*, ﬁ) > Gon.

Given the above two lemmas, Theorem 4.4 readily follows. Indeed, combining Lemma 4.7

and Lemma 4.8 and choosing ¢ such that § log(16¢2(20¢)?/8) = 0y /4 we get pix y (Tpad) >

edon/4

5or7r With probability at least 1/2—c/n—4ne="/18n which shows that E[d(II, IT*)] >

on as desired.
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Theorem 4.4 readily implies that for constant d, ¢ = o(n~"/?) is necessary for achieving

the almost perfect recovery, i.e., EA(IT*, IT) = o(n).

4.4.3 Impossibility of perfect recovery

In this section, we prove an impossibility condition of perfect recovery.

Theorem 4.5. Suppose that 0* < d /40 and

1
5llog 1+ —= ) —logn+logd < C, (4.66)
4 o?

for a constant C' > 0. Then there exists a constant c that only depends on C' such that for

any estimator 77, P{w # 7*} > .

Theorem 4.5 immediately implies that if there exists an estimator that achieves perfect

recovery with high probability, then

d 1
1 log (1 + —2> — logn + logd — +o0. (4.67)
o

In comparison, it is shown in [DCK19, Theorem 1] that perfect recovery is possible if
%log (1 + %) — logn — +o00. Thus our necessary condition agrees with their sufficient
condition up to an additive log d factor. Our necessary condition (4.67) further specializes

to

o d < logn:

o(n=2/1) ifd=0(1)
o< .

n=2/d ifd>1

This yields Theorem 4.3(i) and slightly improves over the necessary condition of

MLE in [KNW22, Theorem 1.1], that is, o = O(n~%/4).
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e d=0(logn):

1
o<

S Va1

e d>logn:

o< d
— \/ 4log(n/d) + w(1)

Note that the previous work [DCK19] shows that ¢log (1 4+ =) > (1 — Q(1))logn is
necessary for perfect recovery, under the additional assumption that 1 < d = O(logn).
The analysis therein is based on showing the existence of an augmenting 2-orbit via the
second-moment method. We follow a similar strategy, but our first and second moment

estimates are sharper and thus yield a tighter condition.

Proof. Recall that I;; denote the indicator that (7, ) is an augmenting 2-orbit and / =
Yoic ; 1ij. For the purpose of lower bound, consider the Bayesian setting where 7* is drawn
uniformly at random. Then the MLE 7y, given in (4.2) minimizes the probability of error.
Hence, it suffices to bound from below P {7y, # 7*}. Note that on the event {/ > 0},
there exists at least one permutation 7w # 7* whose likelihood is at least as large as that of

7* and hence the error probability of MLE is at least 1/2. Therefore,
~ . 1
P{ﬂ'ML 7£7T } > §P{I > 0}

It remains to bound P {I > 0} from below. To this end, we first bound Var(I)/ (EI)>. In
view of (4.65),

By assumption 0% < d/40 and (4.66), it follows from (4.64) that

n2

—d/2
El > 7 (1 - —2) > exp (g logd — 20) > exp (—2C).
o
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Moreover,

—d 2 \d (g /4 g
(E1)* 402 ~n\1+3/(402)) — n o2 -

where (a) holds because 1 + 3x/4 > (1 + x)** for all # > 0 and (b) holds due to

assumption (4.66),
Combining the last three displayed equation yields that Var(I)/ (EI)* < ¢, for some

constant ¢, that only depends on C'. By the Paley-Zygmund inequality,

(EI)? .
4 (Var(I) + (EI)?) ~ 4co+ 1

1
IP{]>O}ZIP’{]Z§EI} >

4.5 Extensions

The proof strategies for the dot-product model can be further extended to other cases. For
example, after simple modifications, we can also prove the same threshold for the distance

model and models with non-isotropic distributions for the point cloud.

4.5.1 Distance Model

In this section, we prove Theorem 4.2. Let X 2 (] —F)X,Y 2 (] —F)Y and Z £

(I — F)Z. Recall that the approximate MLE for the distance model is given by (4.9). As

in the proof of Theorem 4.1, thanks to the orthogonal invariance of the nuclear norm || -

*9

we may assume A/2 = X and B/2 = Y without loss of generality, so that
v, = X'y,
A, = arg max | I

Following the arguments for the dot-product model, a key step is to extend the estimate
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for p(II, @) in (4.21) to the following MGF:

1
3202

511, Q) éEexp{— H)?—H)?QH?} (4.68)

where [ € S,, and Q € O(d). The following lemma gives a comparison between the MGF
for the distance model and that for the dot-product model defined in (4.21), the latter of

which was previous estimated in Lemma 4.4.

Lemma 4.11. Fix a permutation matrix Il € S,,.. For Q € O(d), denote by %1, . .. ¢\%
the eigenvalues of Q), where 0y, ... ,04 € [—m, 7. Then
d 9[2 1/2
p(I1 < p(II 1+ —— ) 4.69
B(IL Q) < p( ,Q)ﬂ( +1602> (4.69)

Proof. Lett = —L5. Denote by 7 = vec(X) € R™ the vectorization of X and recall that

3202°

r = vec(X) € R™ satisfies z ~ N (0, I,,4). Then
~ ~ 2
| X -nxQ| = (- QT e ma|" = (- QT © M(Uu® (1, — F)a]”.

Denote H 2 (I,y — QT @ I1)(I; ® (I, — F)), then

=

p(II,Q) = Eexp <—thf[TfIx> = [det (I + Qtf[Tf[ﬂ 7

It suffices to compute the eigenvalues of H. Recall that the spectrum of II is given by

(4.28). We claim that the spectrum of H is the following multiset
Spec(H) = (Spec(H)\{1 — e :¢=1,...,d}) U {0 with multiplicity d},  (4.70)
where Spec(H) is the spectrum of H defined in Lemma 4.4, given by

Spec(H) = {1—e_i9"')\j :Aj € Spec(Il), j=1,...,n, ¢ = 1,...,d}.
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Now we prove (4.70). As shown in (4.28), II has eigenvalue 1 with multiplicity ¢(IT),
where ¢(II) denote the number of cycles. We denote these by A\; = - -- = Ay = 1. Using
the cycle decomposition and the block diagonal structure as in Lemma 4.4, we know that

the eigenvectors corresponding to Ay, ..., A are of the following form
Ui:(07"'70717"'71707--‘70)1—, Z:1,7C(H)

where the number of 1’s equals the length of the corresponding cycle. In particular, due
to the block diagonal structure, the 1 blocks in v;’s do not overlap. Therefore, we know
that the vector 7; = \/Lﬁ S gy = \/Lﬁl = \/Lﬁ(l, ...,1)T € R"is in the eigenspace of 1.

Using the Gram-Schmidt process, we can construct vectors s, . . ., U such that {v; }i,

is a orthonormal basis of the eigenspace, i.e.

<@Ii,5j> = (Sij, span('ﬁl, Ce ,?)IC(H)) = span(vl, c. 7UC(H))-

Pick an arbitrary eigenvalue i of Q' with eigenvector w € R?, and also pick an arbitrary
eigenvalue \ of II with eigenvector v € R"™. Based on the arguments above, if A # A, then

v L 77, and therefore

Huw@v)=we (I —F)o—(Q w) (I —F)v =w®v— pw@ v = (1— p))(w ).
@.71)

For the eigenpair (A1, v;), we have
Huwot) =w® (I —F)t;— (Q uw) NI —F)i, =w®0 — pw®0=0. (4.72)

Combining (4.71) and (4.72), we conclude that for / = 1,...,d and j = 2,...,n, the
eigenvalue 1 — e~ A; of H remains to be an eigenvalue of H, while the eigenvalues

1—e %)\ =1—e % of H are replaced by 0 in the spectrum of H. Hence we have shown
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(4.70) is true.
Using (4.70) and (4.27), we obtain

d

AL Q) = [T TT (1 + 2t — e®n, %)~

j=2¢=1
d
= p(ILQ) T (1 + 2e[1 — e=%2) "2
=1
d
= p(I1, Q) H (14 2t(2 — 2cosby))"/?
=1

::]&

< p(IL,Q)

03 1/2
( 1602) ’
1

which completes the proof. [

~
Il

Applying Lemma 4.11, the following lemma is the counterpart of Lemma 4.5.

Lemma 4.12. Suppose d = o(logn). For some oo > 0, let § = 0¢/+/n and N C O(d) be
the 6-net defined in (4.19).

(i) If oo = o(n=%/?), then

3 ZEexp{

AL, QEN

} o(1). 4.73)

(ii) Foranye = ¢(n) > 0, ifao_d > 16n2%/¢, then the following is true

3 ZEexp{ o

d(m,Id)>en QEN

} o(1). (4.74)
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Proof. (i) Similarly as in Lemma 4.5 Part (i), using (4.69) we have

IA
M
S
-
—_
=
VS
Cb._‘.
»‘E
N
£
N——
=
|
3
=
VR
S 3
S
N——
Q
Q
o
3
ol T
=
IS

n—2 [ [%1 2 2 2d2
n—mnj (5 m 2 ’ |
S e (o525 108
— mz_%ﬂ (14 2= |m|)m™ 25602 2
n—2 Bkl 9 \ L 2]
oy 1 m* 2 ||
e (Y ()
= m:;? 1+ Lol ym 256n 2
n—2 - [ 1 im| 2d2+1
< 2. ((Coo)'?) 2 ] (HT)
=0 Can (L 2™

Let

Using the same arguments as in (4.35), (4.37) and (4.38), fnl can be bounded by

4
d3, d34d gy 2d2+2
C%n L if n; < /n,

Td < S CU8Vn)2 P+ if /i < my < 32y/m(logn)?,

c if ny > 32¢/n(logn)?,

\

where L = o, d Consequently, following the similar estimates in (4.36) and (4.39),

> > pLQ) = o(1),

II£1, QEN

which completes the proof.
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(i1) Combined with (4.69), using the same arguments as in Lemma 4.5 Part (i1) yields

. "\ (160N~ = -
> ZP(H,Q)SZ(k)L k'(T) T4, =T+ J

d(m,Id)>en QEN k=en

where

[I>

n—32+v/n(logn)? k/2
~ 16L ~
7 S (Z) LFk! (T) T,

k=en

_ n 16L k/2~
T D (Z)L‘kk! (T) Te .

k=n—32y/n(logn)2+1

lI>

By (4.75), these two term can be bounded in the same way as in (4.44) and (4.45). Thus,

S S HILQ) = o),

d(m,Id)>en QEN
which completes the proof. 0

Lemma 4.12 implies the following high probability estimates. The proof is the same as

in Lemma 4.6 via Chernoff bound and therefore we omit it here.

Lemma 4.13. Suppose d = o(logn). For some oy > 0, let § = 0q/+/n and N C O(d) be
the -net defined in (4.19).

(i) If o9 = 0(n‘2/ ), for any constant ¢ > 0, the following inequality is true with high
probability

min min H)? - H)?QH > C\/EO’O. 4.76)
M#I, QEN F

(ii) Forany e = (n) > 0, if o, ® > 16n2%¢, the following is true for any fixed constant

c > 0 with high probability

min min Hf( - H)?QH > C\/c_iao. 4.77)
d(m,1d)>en QEN F
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Now we are ready to prove Theorem 4.2. Similarly as in the dot-product model (see the
remark following Theorem 4.1), for almost perfect recovery, we actually prove a stronger
nonasymptotic bound: For sufficiently small ¢, if ¢ > 16n2%°, then overlap(Tamz,, ) >

1 — & with high probability, which clearly implies Theorem 4.2 by taking o < n~'/4.

Proof of Theorem 4.2. (i) Let N be the d-net for O(d) defined in (4.19). Following the

same argument as in Theorem 4.1

QeN

P { XTI Y. > H)?T?H*} <P {maxp?THTf/, Q) > (1- )XY, zd>} .
For fixed II and (), we have

P {<)~<THT§?, Q) > (1- )XY, Id)}

=P{o(Z,(1- )X ~1XQ) > (1 - )| X|p — (X, 1XQ) b
Since the entries of Z are not independent, we need to be more careful:

(Z,(1—8)X —TIXQ) = (I -F)Z, (1 - )X —T1XQ)
= (Z,(I - F)((1-0")X - 11XQ))

=(Z,(1- )X - TIXQ),

because (I — F))~( = X and I — F commutes with any permutation matrix II. Therefore,

similarly as in (4.48),

P {<55THT37, Q) > (1—2)XTY, 1d>}

=P {0/\/ <0, (1—6%

<P {a/\/ (O,

~ —~ 2 —~ ~
‘X—HXQH —54HX‘ X
F

2
— 52
F

)= b

)

~ ~ 2 11 ~ ~ 12 ~112
DR e A ST
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Consider the events

& 2 {cdn < H)?Hi < C’dn} , &2 {minmin H)? — H)?QHF > C\/ga} )

II£] QEN

We claim that P {&;} = 1 — o(1). To see this, note that

IX|IF = (I = F)X,(I - F)X) = (X, (I - F)X)

=Tr(X (I =F)X) =Y > XeiXpi(I = Fag

i=1 a,8=1

For each i = 1,...,d, we have 3" ;| XoiXsi(I — F)ag = Coli(X)T(I — F)Col,(X),
where Col;(X) ~ N (0, I,) is the i-th column of X. By Hanson-Wright inequality (see e.g.

[RV13, Theorem 1.1]), for each ¢t > 0,

P {|Col;(X)" (I — F)Col;(X) — ECol;(X)" (I — F)Col;(X)| >t}

) t? t
—cmin ,
II—F|2 [T -F]|

Taking ¢ = n** and simplifying the above inequality yield

< 2exp

P {|Col;(X)" (I — F)Col;(X) — (n — 1) > n3/4} < 2exp (—cnl/Q) : (4.79)

Note that (4.79) is true for every i = 1, ..., d, and the columns Col;(X)’s are independent.
This immediately gives us P{&;} = 1 — o(1). Moreover, by Lemma 4.13 we also have

P{&} =1—0(1). On the events £ and &,, the estimate (4.78) reduces to

P{XTITY,Q) = (1 —52><)?T?,Id>,51,52}

celor(ofs-nsa]) -

2
<E
F}_ exp{ 3202

¥l

(4.80)
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Combining this with Lemma 4.12 and applying a union bound, we have

P{maxu)?THT?H* > ||55T17|y*}
MI#I

SIP’{IH%XI&%(XTHTY Q) = (1 —52)<XT37,Id>,51,52}+P{5f}+P{5§}

< S Y P{ETIY,Q) > (1- )XY L), &, & +ol1)
AL, QEN

<y Z]Eexp{ o QHX HXQH }+01)
£, QEN

=o(1).

This implies Tanr, = Id with high probability, which completes the proof.

(ii) The idea is the same as Theorem 4.1 Part (ii). For a sufficiently small e = £(n) > 0,

take o~ > 16n2%/¢ and consider the event

£y 2 { min  min H)? — H)?QHF > C’\/aa} :

d(m,Id)>en QEN

Then Lemma 4.13 implies P{E,} = 1 — o(1). On the event & and &), the reduction

estimate (4.78) for IT with d(m, Id) > en still holds

PUXTITY.Q) > (1- )XV, 1).6.8) < Eexp{—

)

Combined with Lemma 4.12, we have

IP’{ max IXT'yy, > H)?T?H*}
d

w,Id)>en
§ Z Z E exp {

(m,Id)>en QEN

i} +o(1) = o(1).

Thus,

P {overlap(TamL, 7*) > 1 —c} =1 —o(1),
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which completes the proof. O

4.5.2 Case of Non-isotropic Distribution

In this section we argue that Theorem 4.1 continues to hold under the same conditions
in the non-isotropic case of Xz»i'ri'vd'./\f (0,%), provided that ¥ - ¢I for some small constant
¢ > 0. In the general non-isotropic case, we denote by p(3, o, I1, ()) the moment generating
function given by (4.21) to highlight the dependency on the covariance matrix Y. and the
noise level 0. As in the proof of Lemma 4.5, recall © = vec(X') denotes the vectorization
of X. Since X;""“N(0, %), the vector z € R" has distribution = ~ N(0, I, ® ¥). Note

that /,, ® > > cl,4. Modifying (4.26) accordingly, we have

=

1
p(2,0,11,Q) = Eexp (-—:JHTHx) = [det (I +

2553 H'H(I, ® 2))}

1602

[NIES

< [aet (14 507 H)| 7 =it 1LQ).

where H = I,,;,— Q" ® 1l and ¢’ = o/+/c. This shows that the MGF p(%, o, I1, Q) satisfies
the same estimates (4.24), (4.25) and Lemma 4.5 for the isotropic case with the original
noise o replaced by a constant multiple of it o’. This constant multiplicative factor keeps
o’ satisfying the same noise threshold in Theorem 4.1, which implies both prefect recovery
and almost perfect recovery can still be achieved for the non-isotropic case under the same

conditions, hence confirming our claim.
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Chapter 5

Method of Moments and Sublinear
Sample Complexity for
High-Dimensional Empirical Bayes
Linear Models

5.1 Introduction

Empirical Bayes, introduced by Robbins [Rob51, Rob56], is a powerful paradigm for large-
scale inference. Developed originally for sequence models, empirical Bayes have been ex-
tensively studied for deconvolution/denoising problems. The core idea of empirical Bayes
is to estimate the prior distribution in the traditional Bayesian method via data-driven ap-
proaches, and then apply the downstream Bayesian inference based on the estimated prior.
Such methods have been widely explored in statistics [Cas85, Zha03, Efr12] and also re-
ceived attention from other applied areas [VH96, ETSTO1, BroO8].

While the theoretical study of empirical Bayes are well-developed for sequence mod-
els, many modern applications involve more complex dependence structures between the

data and the latent variables. One attempt for such a more complicated model is high-
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dimensional linear regression. Consider the Bayesian linear model

y=XB+e¢,

where X = [xy,...,x,] € R"*?isafixed or random design matrix, 3 = (31, ..., ,) € R?
where 3y, ..., 3, are iid from some prior g, and € ~ N(0,0%I,) independent of 3. The
goal is to estimate the prior g from the data (X, y), under the assumption that the sample
size n and the dimension p are both large.

To our knowledge, the development of statistical theory of empirical Bayes for linear
models in high dimensions is still limited. The linear model is analogous to a sequence
model with correlated errors (and the sequence model can be seen as a special case of the
linear model with design X = I), but extending the empirical Bayes theory and compu-
tational efficient methods to high-dimensional linear regression has substantial difficulties.
Although both maximum likelihood estimation and method of moments, the two most com-
monly used methodologies, have achieved huge success in sequence models (in terms of
both statistical optimality and computational efficiency), they are technically challenging
to directly adapt to linear models. Due to difficulties such as computing the objective max-
imum likelihood or handling the interdependency of moments estimators, the literature has
very few rigorous studies for the statistical theory of empirical inference for large-scale
multiple linear regression, and previous attempts either imposed inflexible restriction to the
priors or struggled with considerable computational challenges [NS86, GF00, YLOS5]

Existing works for empirical Bayes in linear models typically follow the idea to ap-
proximately compute the maximum likelihood estimator of the prior [MSS23, FGSW23],
which originates from the nonparametric maximum likelihood estimator (NPMLE) that
was introduced in [Rob50, KW56] to study sequence models. Unlike the sequence model,
the marginal likelihood of the data does not decompose across the coordinates and is non-

convex with respect to the prior in general. In particular, the work of Mukherjee-Sen-
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Sen [MSS23] took a mean-field approach and developed a varional inference method. In
the context of empirical Bayes linear regression, the variational empirical Bayes method
jointly estimate the prior and apprximate the posterior. In [MSS23], the authors showed
a naive mean-field approximation to the full empirical Bayes objective can recover the
NPMLE asymptotically. Another method, developed in [FGSW23], introduced a gradient
flow framework. This gradient flow approach aims to directly optimizing the empirical
Bayes likelihood. By coupling a Langevin diffusion for the posterior with a Fisher-Rao
gradient flow for the prior, it can be shown this continuous-time framework converges in
polynomial time to a near-NPMLE. Despite making the first steps towards understanding
the consistency of empirical Bayes estimators, the previous approaches have two notable
drawbacks: (1) they require strong assumptions, some of which are even hard to verify
in practice; (2) they require a relatively high sample complexity. In particular, [MSS23]
requires n > p and was improved to n < p in [FGSW23]. The optimal sample complexity
is still poorly understood.

As a counterpart of the MLE approach in statistical estimation, the method of moments
(MoM) and its variants are also extensively used in sequence models. However, applying
MoM to linear models is also technically challenging due to the following two distinct

phenomenons:

e Unlike the sequence models in which each moment can be estimated separately, the
interactions of the parameters f3;, ..., 3, result in a nonlinear relation among the
moments. Consequently, to estimate one moment my, an estimation of all previous

moments my, . .., My_1 are necessary.

e In the sequence model y; = 0; + ¢; fori = 1,...,n where Gii'ri\"}'g, estimating g is a
simple deconvolution problem as the coordinates y; are i.i.d drawn from g* N (0, 02).
In contrast, for the linear model y = X3 + g, the interaction of the coefficient makes
the distribution of g; not just a convolution between g and N (0, o) but also g con-

volves with itself. As a consequence, to recover the prior g, we need to deconvolve
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g from both the noise and itself. This new phenomenon of self-deconvolution is a
key difference from the sequence models. We refer to Section 5.3 for detailed dis-

cussions.

In this work, we adapt the method of moments to linear models. We proposed Empiri-
cal Bayes Method of Moments (EBMoM) that estimates the central moments of the prior
ur(9) = E[(8 — E[B])*] where 3 ~ g. Combined with efficient moment-to-distribution
pipelines (e.g. the Denoised Method of Moments in [WY20a]), our algorithm recovers the
prior with polynomial time complexity and provable consistency guarantee under mild con-
ditions. Our estimator deals with the two challenges mentioned above efficiently, and more
importantly, we made the first step to understand how much sample is required for con-
sistency in high-dimensional empirical Bayes regression by proving an optimal sublinear
sample complexity.

Our work makes a progress towards more a comprehensive understanding of empirical
Bayes in high-dimensional linear models, as well as of the generalization for the method of

moments framework to correlated structures. We summarize our contributions as follows:

1. We design an computationally efficient estimator of the prior g, with polynomial time

complexity.

2. By establishing non-asymptotic error estimates for the moments, we show that a

sublinear sample complexity n > p'~°(!) suffices for consistency.

3. We prove that the threshold is information theoretically optimal.

5.1.1 Related work

MoM for sequence models MoM is one of the most classic method for parameter esti-
mation and can be traced back to Pearson [Pea94]. While MoM is conceptually simple, it
suffers from several issues in practice such as solvability of the polynomial system derived

from the moments, the intractable computational efficiency, or strong assumptions to ensure
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theoretical consistency. There were various modifications to remedy the drawbacks of tra-
ditional MoM, including the Generalized Method of Moment (GMM) by Hansen [Han82].
GMM was broadly applied in analyzing financial and economic data (see [HalO5] for a
more comprehensive review), but it lacked a rigorous theoretical understanding for a long
time.

In theoretical computer science, various moment-based methods obtained fruitful progress
for estimating sequence models, especially Gaussian location-scale mixture models [BS10b,
KMV10, MV10, HP15, LS17]. However, these methods typically still have high compu-
tational complexity (e.g. [MV10, KMV10, BS10b] rely on a grid search of parameters).
In a seminal work [WY?20a], an innovation of the classic MoM named denoised method of
moments (DMM) was developed that overcomes these drawbacks. A key insight in DMM
is to project moment estimations onto the moment space, and we refer to [WY20b] for a

more comprehensive discussion.

MoM for Bayesian linear models MoM has been widely used in parametric Bayesian
linear models, in which a common assumption is to assume the parameters are drawn from
some Gaussian prior with unknown variance. MoM is a classic method for this variance
estimation task, and was first developed in [Hen53]. A more comprehensive exploration
of MoM for linear models was pioneered by Rao in his work of the minimum-variance
estimators (MINQUE) [Rao71, Rao72]. Specifically, for the linear model y = X3 + €
with Gaussian prior 3, ..., 6pi'ri<51'/\/' (0, s?) and noise € ~ A(0,02T), the MoM estimator
takes the form

5% = y'By, where B satisfies E[y ' By|] = s°. (5.1)

One popular modern procedure for estimating the Bayesian linear model is the LD-score

regression [BSLF15]. Assuming a standardization of variants ||x;|| = 1, LD-score re-
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gression is based on the observation

B(y)) = 5 ) [og ) - o] + Eet ot

This method is recogonized to be within the general framework of MoM (5.1) in [Zho17].

For application purposes, models beyond the linear model with isotropic Gaussian prior
were proposed and more complex estimation tasks were raised. For example, [OSH™ 19] in-
troduced a fourth moment/excess-kurtosis type statistic to measure quantitative polygenic-

ity in genetics
__ 3E[?5) - 2E[5*
© (Elep)r

where a; = x! X3, (o, ) is a uniformly random entry (a;, 3;) with 5 = 1,...,p and
J j 3o g

the expectation is over this uniformly random choice and the randomness of 3. Under
a Bayesian setting 3; ~ N(0,s7), an MoM estimator for . was proposed in [OSHT 19,

O’C21] based on the observation

p 2

3p 55
s Tt

j=1

Another extension is the linear mixed model y = X3, + - - - + X3 + €. The linear
mixed model is now one of the predominant model for application in various fields such
as genetics [YLGV11], and MoM is applied for various inference problems in this model

[LBG™15].

5.1.2 Notations

We use the standard big-O notations: for two positive sequences {a,, } and {b, }, we denote
a, = O(b,) if a,, < Cb,, for some constant C' > 0 and we write a,, = Oy(b,,) if C' depends
on some other parameter .

For x € R?, z®% is a rank-one tensor given by 25" = x4, ---x,,. For a tensor

Ak k*
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T € (RP)®*, its trace is defined as Tr(T) := > *_ T, .. Forz € RP, 2% is a rank-one

tensor given by z&* 4y = Tay " T, For tensors S and T, the tensor inner product is
— p
defined as (S,T) = >0\ _1 Sar,.aTos, . ar-

For a probability distribution g, we use my(g) to denote its k-th moment and use
ur(g9) = E[(B—E[8])*] where 3 ~ g to denote its k-th central moment. For £ > 1, the mo-
ment vector up to order L is defined as m,(g) = (my(g), ..., me(g)). The moment tensor

of a random vector 3 is defined as M (3) = E[3%"]; that is, Ms(f)sp =E[Bs, ... Bs,)-

5.1.3 Organization

The paper is organized as follows. In Section 5.2, we proposed our estimation method
Empirical Bayes Method of Moments (EBMoM) and provide its statistical guarantees and
the efficient computation algorithm. In Section 5.3, we discussed the sharp sample com-
plexity for empirical Bayes in high-dimensional linear models. The proofs for statistical
consistency of EBMoM are given in Section 5.4 and the proof for lower bound of sample

complexity is in Section 5.5.

5.2 Method of moments for EB linear regression

5.2.1 Construction of moment estimators

In a nutshell, to estimate the first L moments of the prior, we aim to set up L estimating
equations, which, upon taking expectations, result in a system of polynomial equations that
are lower triangular. That is, for each i, the expectation of the ith summary statistic is a
polynomial of my, ..., m;—1 plus a linear term of m;. This suggests we may use previously
estimates of lower-order moments to successively peel off the nonlinear terms and obtain
an estimate of the next moment.

For a fixed degree L € N, we construct estimators for the mean m;(g) and central
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moments fi5(g), ..., pur(g). These central moments are estimated recursively, with vari-
ance as the base case. We refer to this estimator the Empirical Bayes Method of Moments
(EBMoM).

Step 1: Mean estimator. We estimate the first moment m; by

R lTXTy
mq, =
bXae

(5.2)

where 1 denotes the all one vector in R?. This estimator, which is linear in the response y,
is an unbiased estimator of m;. There is in fact a continuum of unbiased linear estimators.

Step 2: Variance estimator. Denote the central moments of the prior by 1, := E[(5 —
ml)g], where [ ~ g. The estimator for y-, the variance of g, is defined as

XTI = X Gy
= ||XTX||§ , y:=y—ml. (5.3)

Step 3: Estimating higher moments. The estimator for central moments { ., } of order
¢ > 3 are recursively defined as follows, with the above /i; as the base case.
First, we introduce the needed tensor notations. Denote the Gram matrix by H :=

X TX. For each ¢, define a symmetric order-/ tensor T¥) € (R?)®* as
p
(TD)gyose =Y Hjo. Hj,,  s1,....80€[p]. (5.4)
j=1

Given any partition of ¢ into ¢ positive integers dy,...,d; > 1 suchthatd; + ...+ d; = ¢,

define a upper-triangular order-t tensor 71~ ¢ (RP)®! by

p
T(dy,.d) . (€) _ ¢ d d
Ts(l,l...,stt) = TS1,---,S1,--~7St,~~>St_ (d d)ZHj}Sl.,,ijSt? 1<s<... <8 <p,
——— N — Ly-wentt/)
d1-many d¢-many J
(5.5
and zero otherwise. Note that for the finest partitiond; = ... =d; = 1, 71 coincides
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with T, Let

Api=TrTO = zp: H . (5.6)
ij=1
Note that we always have A, > 0 since A, = 1"H®1, where H® denotes the ¢-th
Hadamard product of H and is PSD.
Next, we estimate the central moments. Given jio, . . ., [iy_1, We construct an estimator
fi¢ for i as follows. Let K, = M**/> where M is the sub-Gaussian constant of the prior
g (see Assumption 5.2 below for precise definitions), and p := (fiy A 2K,) V (—2K,) be

the truncated version of i,. Define

p

¢
R LD DENED DI RN DR o FECR)

t=2 d1+...+dz:€:dj22 S1,ey5t=1
where the summation is over ordered ¢-tuple dy, . .., d; as in (5.5), and
- - x]y
F(§) = Y (ol 1) He( 2). (58)
ol

Here Hy(z) = (—1)*e*’/> 4% ¢=#*/2 denotes the degree-k Hermite polynomial. Note that
(5.7) recovers the the variance estimator /iy in (5.3), since fi; = 0 and Hy(x) = 2% — 1.

Let us discuss several salient ramifications of the proposed estimator.

From moments to distribution After obtaining the moment estimates, we can convert
it to an estimate of the prior. There are multiple ways to do so. For example, we may
apply the denoised method of moment [WY20a], a special case of the generalized method

of moments [Han82], to produce an estimator that is a discrete distribution. Specifically,

1. For some odd L = 2k — 1, we first project the noisy moment estimates f1; =

({1, ..., pr) with 13 = 0 onto the space of moments by solving the following
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semidefinite program [WY20a]:

py = argmin{|m —my|| : m € M ([—A, A])}, (5.9

where
M([—A, A]) := {my(r) : 7 supported on [— A, A]}, (5.10)
is the space of moment vector m () := (my(w),...,my (7)) over all distributions

7 supported on [— A, A]. Here the hyperparameters L € N and A > 0 may be chosen

depending on n, p and the tail assumption of the true prior g.

2. Next, we construct a discrete probability distribution g with matching moments, such
that m,(g) = e for ¢ = 1,..., L. This g is a k-atomic distribution that can be found

using Gauss quadrature [WY?20a].

3. Finally, we shift the atoms of g by the estimated mean 7 to produce the final esti-

mator g.

Alternatively, if continuous estimates are desired, one may fit a continuous parametric

family of densities (e.g. mixture of Gaussians) by moment matching.

Motivation of the EBMoM estimator The intuition behind the EBMoM estimator is the
following. Unlike the sequence model, where each moment can be estimated separately, in
the linear model, the independent entries of 3 interact through the design matrix, so that
estimating a given moment requires estimates of lower order moments.

Recall that the Hermite polynomial provides an unbiased estimator of monomials in the

normal mean model:

Eznun[He(2)] = 1", peR. (5.11)

For simplicity, let us assume the true prior has zero mean and consider a simplified version
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of the summary statistic (5.8) without centering y:

p

Fiy) = S (el ) H (222, (5.12)

]

Note that conditioned on 3, we have

T TX
| B~ N( ﬂ) j=1,....p (5.13)

UHXJH ;1

Averaging over the noise € and applying (5.11), we obtain

E[FAy)!ﬂ]=Z<x}Xﬂ>4=<ﬁ®“,Z(XTX6J > (BT (5.14)

Jj=1 J=1

where T is the tensor defined in (5.4). Further averaging over 3 yields
E[F(y)] = (M©, 7O}, (5.15)

where

E[3*]

is the degree-¢ moment tensor of 3 ~ ¢®P; equivalently, (5.15) also equals to the trace
of the moment tensor of X ' X/3, which no longer has iid coordinates. Since Ms(1 =
E[fs, ... 3s,], depending on the multiplicity of the indices, this can be expressed as mono-

2)

mials of the moments of g thanks to (;’s being iid. For example, Mi(,j = my if 1 = j and

m? otherwise. Crucially, the order-¢ moment of g only appears on the diagonal of M)

Ml(g)l =my fort=1,...,p. Furthermore, the inner product (5.15) can be expanded as
l P N
E[Fi(y)] = Aeme + Z Z Mg, - - .M, Z T, (5.16)
t=2 d1+.“+dt:£:dj22 S1yeeey st=1
where A, = Y77 (XTX)j; is the trace of T® defined in (5.6), and 7@+ is the
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tensor defined in (5.5). In this decomposition of E[F;(y)], the leading term m, A, is desired
and the remaining terms only depend on the lower-order moments. This motivates the
iterative construction of the estimator (5.7), wherein we substitute the lower moments by
their estimates. In other words, if the estimated lower moments in (5.7) were the true
values, the estimator would be unbiased.

For analysis, the major difficulty is that, even if conditioned on 3, the p columnwise
projections in (5.13) are still dependent because the columns of X are not orthogonal. This
correlation is particularly pronounced in the sublinear regime of p > n. We present the

statistical guarantees in Section 5.2.2.

Connection to Rao’s MINQUE For clarity, we work out the estimate of the first two
moments. It turns out that if one is content with consistently estimating the first two mo-
ments as opposed to the whole prior, the sample complexity is much lower. For example,
for isotropic random design, we only need n and p to both tend to infinity individually,

without requiring their relative growth.

Example 5.1 (First moment). For m, defined in (5.2), which is unbiased, we get

. o[ X1]]? + 5[ XTX1]?
Var(my) = elE

where s = my — m? is the variance of the prior. Suppose that X is isotropic Gaussian with

iid N (0, }) entries. Then with high probability, || X1|| < \/n, and furthermore,

P

1+ \/g so that | XTX1|| < /n(1 + \/g). This leads to Var(i;) = Op(—L—).

Xllop <

op v
min(n,p)
Example 5.2 (Second moment). For simplicity, assuming that the true prior is centered so

mqy = 0. Then (5.7) specializes to:

XTy|2 — [|X]|?
m:” ylI© — [ X%

(5.17)
IXTX|:

which is again unbiased. Note that | X "y||* = || X "8]* + | X Te||* + 2(X"X3, X ¢e).
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Recalling that H = XX, we have Var(|Xy|?) = Var(|H3||?) + Var(|| X "e|?) +

4Var(<H5, XT5>), because odd moments of € vanish. It can be verified that
Var((HB,X"e)) = o’myTr(H?), Var(||X"e|]?*) = 20" Tr(H?).
Finally, with S = H?,

E[[HB|' = Y SuScll[BaBbBBa)

a,b,c,d=1

p p p

=My Z Sga + mg Z SaaScc + ng Z 52
= a;éc_ a#b=1
p p
m4 - 3m2 Z +m§ Z SaaScc +2m§ Z Sgb
a,c=1 a,b=1
<|S|E=Tr(H*) Tr(H?)2 Tr(H*)
Applying E[|[HB|1?] = my | H]|[}, we get

Var(|HB||?) < (myg + 5m3)Tr(HY).

Overall, we get

(my —3m3) >°F_ S2, + 2m3Tr(H?) + 402moTr(H?) + 20*Tr(H?)
Tr(H?)?
< (mg + 5m3)Tr(H*) + 40*myTr(H3) + 204Tr(H?)
- Tr(H?)?

Var(my) =

(5.18)

(5.19)

Consider again an isotropic Gaussian design X, in which case with high probability Tr(H?) <
n+ ”TE. Consider two cases: (a) If n < p, then all singular values of X and hence H are

O(1), so Tr(H*) <y n and hence Var(fiy) <

~Y

%. (b) If n > p, then all singular values of
X are at most \/n/p. Hence |Tr(H*)| < (n/p)*p. Thus, Var(iy) < 119. So we again have

Var(ms) = Op(———

mln(n D) )
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5.2.2 Statistical guarantees

We first bound the estimation error of first two moments based on simple bias and variance
calculations, as shown by the following result proved in Section 5.4.1. Recall that A; =

|X1||? and A5 = || X" X||% as defined by (5.6).
Proposition 5.1. Suppose that for some fixed cy € (0, 1) it holds that

Xllo
Bl > . X1 = ofn A pIXIZ. IXTXE > coln AR)X]L, (520

Then for some C' > 0 that depends on (co, M), it holds that

C
nAp

E(fn —m)* + E(fiz — p2)? <

Consequently, under the condition (5.20), (my, ji2) is consistent for (my, u2) as long as
n /A p — oo without imposing on their relative growth. We note that in (5.20), the condition
on A; is identical to the general Assumption 5.1 below, but the one for A, is slightly
stronger (n A p versus n?/p A p). It can be readily checked that this stronger assumption
is still satisfied with high probability by the random assemble of Lemma 5.1 below, and is
essential to achieve the minimal consistency condition n A p — o0.

Next we state the MSE bound for estimating higher central moments i, for & > 3. We

make the following assumptions on the design matrix X and the prior distribution.

Assumption 5.1 (Design matrix). There exists some fixed co > 0 such that || X|| , /o > ¢

and

p
n k
A=Y HE > x| -p<5 A 1) . (5.21)

1,j=1

Assumption 5.2 (Prior distribution). We assume 3 = (1, ..., 5,) has i.i.d. entries such
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that 31 — B[] is M-sub-Gaussian' for some M > 1.

Let us pause to discuss Assumption 5.1. As shown in (5.16), Ay is the leading coef-
ficient of the tensor product <M ®, T(£)>, and represents the signal strength of the prob-
lem. The following lemma shows that Assumption 5.1 is satisfied with high probabil-
ity by a wide class of random design matrices, which includes isotropic Gaussian design

iid.

(X5 ~N(0, i)) as a special case. Its proof is given in Section 5.4.4

Lemma 5.1. Suppose the row of X is iid drawn from N (0, %E), where Y. € RP*P is a PSD
matrix and well-conditioned in the sense cI < ¥ < ¢ 'I where ¢ > 0 is some absolute

constant. Then, the design matrix X satisfies Assumption 5.1.

Equipped with Assumptions 5.1 and 5.2, we are ready to state the following MSE bound

of [1; defined in (5.7), whose proof is given in Section 5.4.2.

Theorem 5.1. Suppose Assumptions 5.1 and 5.2 hold with some constants cy, M. For any

k > 3, it holds that

E[(Ax — pur)?] < (Oi\gk)kgn ip (% Vv 1)%2, (5.22)

where C' > 0 is universal.

Finally, we convert the statistical guarantee on estimating the moments to that of es-
timating the prior. If n = p'~°(), the moment-based estimator is consistent under the

1-Wasserstein loss.”

Corollary 5.1. Let n = p'~<. Let § be the DMM estimator (5.9) applied to the L moments

1. Recall that a random variable X is called sub-Gaussian with constant M if (E|X —E[X]|P)/? < M /p
for all positive integers p.

2. The W, distance between one-dimensional distributions is the Li-distance between their cumulative
distribution functions.
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mq,...,my estimated by the EBMoM, where

1 1 1/3
L = cmin —,M , M =cVL
Ve loglogn

for some universal constant c. Under the assumption of Theorem 5.1,

E[W1(3,g)] < %

where C'is a constant depending only on o and the subgaussian constant M of g.

5.2.3 Computation of the EB-MoM estimator

We discuss the computational details of the moment estimates. Naively implementing the
form (5.7) (i.e., compute > 7 T Lt *) when ¢ = () suggests a time complexity of
O(p®). Tt turns out that it can be computed in time linear in p, similar to the calculation of
U-statistics. Taking into account of the computation of F}’s, the overall time complexity is

O (np).

To compute /i, note that for any & > 2,

P
~o ~o T(d1,...,d
Z lL[/dl A ludt Z T.S(l,l...,st t)
dl—‘r‘..—l-dt:k:del S1,...,5t=1
P
. ~o ~o T(d1,...,d
- Z Fopy - My, [ Z Z Ts(l,l---,St t)} J
fito A fi=kf;>1 {d1,esde}={fr,s ft} 815008t =1
where the summation {dy,...,d;} = {fi,..., f;} is over all ordered dy, ..., d; with con-

figuration { f1, ..., f;}. Moreover, we have

N K
> > Tﬁﬁ%,’:;;f”:(ﬁ?m? ft> > S,

{1} = fr o i} S1mmst=1 {dl ..... Ay ={ 1o fi} 1€51 <. <s2<p j=1

d,,d f f
e Sh S g,

v J=1 se€lpl:s1#...#st
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where n(f1, ..., f;) = [ [}, (#{i : fi = j})! with convention 0! = 1, and we use the fact

that, for any j € [p],

]' 1 t
> > Hﬁgl...Hﬁgt:m > HL .. . HY.

{di,esdi}={fr,e0 fr} 1S81 <. <s:<p s¢€[p]:s17... #st

Note that by using inclusion-exclusion, we may compute Z;’:l ZS[ Elplis1£on sy H ]f | ]f -
with time-complexity Oy (p) instead of O(p*). A better approach is given in Algorithm 1.
We provide efficient algorithms to compute our estimators and present simulation ex-

periments for various designs. In particular, we focus on computing terms in the form
se€E[pl:s1#... st

for which an naive method has complexity O(p’). An improved algorithm is to use the
sieve method in combinatorics (see e.g. [Stall, Chapter 2]) and the summation above can

be rewritten as

Z xﬁ...xﬁ:Zu(W}H(iwizjwfj),

SeE[pl:s1#£... #st TEP, Ber =1

where P; consists of all partitions of the set [¢], and p() is the Mobius function, defined as

p(r) = [T u(B), w(B) = (~1)"(B| - 1)L

Ber

Computing the right-hand side requires complexity O(tB,p), where B; is the ¢-th Bell num-
ber representing the number of all set partitions of size £ and B; grows superexponentially.

A further optimized algorithm is based on generating function. Consider the polynomial
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we observe that the coefficient for the term ;95 . . . y; 1S exactly ZSZ Elp)is1 o sy :L"Q o xﬁ
To compute this coefficient, a standard dynamic programming approach will be used, in
which we have 2' states representing if y; has been chosen. The algorithm is stated as
follows. Since there are only 2! states in the program, this algorithm has time complexity

O(t2'p), which is faster than the sieve method.

Algorithm 1 Dynamic Programming for Extracting the Coefficient of 41y - - - y;
1: Input: A list x = {xy,...,x,} and an exponent vector d = (dy, ..., d;).

2: Output: The coefficient of y1yo - - -y in F(yy, ..., y) = [[1_, (1 + 22:1 Yj xf]).

3 N <2 > N is the total number of states (bitmask representation)
4: Initialize dpl0, ..., N — 1] with dp|0] < 1 and dp|mask] < 0 for mask # 0

5: fort =1topdo

6: new_dp < dp

7: for each mask € {0,..., N — 1} do

8: forj=0tot—1do
9: if the jth bit of mask is 0 then
10: new_mask < mask | (1 < j)
11: new_dp[new_mask| += dp[mask] - :L‘Z-dj“
12: end if
13: end for
14: end for

15: dp < new_dp
16: end for

17: return dp|N — 1]
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5.3 Lower bounds and sharp sample complexity

In this section, we provide statistical lower bound for learning the prior that leads to match-
ing sample complexity bounds and certifies the optimality of the method-of-moments esti-
mator.

Let us start by explaining the major distinction between the linear model and the se-
quence model from a deconvolution point of view. As an instructive example, we consider
the following block design where p = nm for some integer m > 1, and each of the n rows

has exactly m non-zeros all equal to \/Lm and disjoint support:

1
X=— 5.23
0 00---01 1
Thus, & = X3 has iid coordinates drawn from
g™ = Law (W) By, (5.24)

which the m-fold convolution of g with itself rescaled by 1/y/m, and y = 6 + ¢ has
iid coordinates drawn from g™ x A(0,52). As such, the problem reduces to a sequence
model, where ¢(™ plays the role of the prior. As such, in order to learn the prior g, one
needs to deconvolve g from both the noise distribution and itself. This new phenomenon of
self-deconvolution is a major distinction between linear models and sequence models.

For dense design, the situation is more complicated as all p regression coefficients par-
ticipated in the self-convolution and contributes to all responses; nevertheless, this simple

example of block design is already enough to demonstrate the sample complexity lower
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bound n = plfo(l). To see this, the main observation is that, due to the Central Limit
Theorem (CLT), the L-fold self-convolution ¢(*) in (5.24) approaches standard normal as
L grows. The typical convergence rate (Berry-Esseen) in CLT is \/Lﬁ, but this can be sped
up arbitrarily by choosing ¢ to have many matching moments with the normal limit. The
same idea can be used to construct a pair of priors g, ¢ matching a constant L number of
moments such that the moments of their self-convolutions ¢(™, ¢’™ are even closer, lead-
ing to the indistinguishabilty of the Gaussian convolutions ¢ * A" and ¢'™ x N. This is

formalized by the next result proved in Section 5.5.1.

Proposition 5.2. Consider the block design (5.23), with m = £ € N. For every L > 2,

there exists a pair of distinct priors g, g' on [—1, 1], such that

where P,(y), Py (y) denotes the law of y (conditioning on X) under prior g, g’ respectively,

and C is a universal constant.

Proposition 5.2 provides a (Le Cam) two-point lower bound for estimating the prior.
Suppose that n < p'~? for any constant . We can choose g # ¢’ with L = 2/4, such that
TV(P,(y), Py(y)) = o(1); that is, one cannot distinguish whether g or ¢’ is the true prior
based on y. This shows that for the block design, consistent estimation of the prior requires
sample size at least n = p*—°(1),

The following theorem extends this lower bound to general designs. Compared with the

block design example in Proposition 5.2 , the major technical difficulty is that y no longer

has a product law. See Section 5.5.2 for a proof.

Theorem 5.2. Suppose thatn < p'~° for some fixed § > 0 and max e[| x;| < Co(g)o‘(log p)Y

or some fixed Cy, a,y > 0. Then there exist a pair of distinct distributions g, g’ supported
Y 4 9,9 supp
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on [0, 1] such that, for all large enough n, p,

dTV(Pg(Y): Pg’(Y)) <0.1.

To apply this result, consider the random design in Lemma 5.1, where the rows X, ..., X,
are centered, independent, and can be written as X; = $'/2Z;/, /p, with {Z;}7_, satisfying
a log-Sobolev inequality with constant C ;. A simple example is (correlated) Gaussian
design, with rows drawn independently from N (0, %E). Then with probability converg-
ing to 1, it holds that max;ep)||x;|| < C(y/n + logp)/\/p where C' > 0 only depends
on (||X/op, CLsr). so the condition of Theorem 5.2 is satisfied with « = v = 1/2. This
shows that for such random design, the sample complexity for estimating the prior is also
1—o(1)

n=p , which matches .

Sample complexity for non-trivial Bayes error Our main result shows that under mild
assumptions on the design (such as random design), the prior can be estimtated consistently
with sublinear sample size n < p and the optimal sample complexity for this is n = p'=°(1).
In comparison, even if the prior is known, linear sample complexity is still necessary in
order to achieve a non-trivial estimation error. This follows from applying the mutual

information method by observing that for any estimator B = B(X, y), the data processing

inequality for mutual information gives

1(8;8) < 1(B; X, y).

For any prior with non-zero variance o2, we know from rate-distortion theory that the left
side must be {2(p) whenever B3 has non-trivial variance reduction, namely, E[||3 — B||2] <

p(6® — Q(1)). On the right side, we have I(3; X,y) = I(X3; X3 + ¢|X) < Zlog(1 +
E[HX(B—EW})HE])

n

= 5 log(1+ %), by applying the Gaussian channel capacity formula.

Thus, we must have ||X||2 = Q(p), which requires n = Q(p) when the rows of the design
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matrix X have bound norm (e.g. random design).
When n is indeed at least proportional to p, the method of moments in Theorem 5.1
yields a consistent estimator of = which allows methods such as Bayesian AMP to achieve

near-Bayes estimation error.

5.4 Proof of upper bounds

5.4.1 Proof of Proposition 5.1

Simple calculations yields that 7, is unbiased and

X 4 s XX
vertm) = =

where s = my — mj is the variance of the prior. Using || X" X1|]> < [ X]||2 ||X1]|* and

|X||op = co, we have

o2 1 HX||<2)
+ ) <C P
X lop

Var (i) < ||X||3p(3 X2 = X1’

and the conclusion follows from the condition on || X1|[2.

A~ . —_ — T_ 27 2 . —
Next we bound E[(7iy — p2)?]. Using iy = Fy(y) = W withy =y —m1
F

as an intermediary, we have

E[(7is — p)”) < 2E[(iz — p)?] +2E[(fi2 — io)?].

(1) (1)

To bound (1), note that E[fio] = p2, and | Xy || = || X B(*+[| X Te|*+2 (XTXB,X ¢).
Recalling that H = XTX, we have Var(||Xy||?) = Var(||HB|]?) + Var(||XTe|?) +
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4Var(<HB, XT€>), because odd moments of € vanish. It can be verified that
Var( (Hp, XT&-}) = 0%, Tr(HP),  Var(| X e|?) = 20 Tr(H?).
Finally, with S = H?,

E[|HB|"] = Z SabSedElBabBeld]

a,b,c,d=1

p p p
I/L4ZS§a +,U§ Z SaaSee + 2”3 Z Sgb

a#c— a#b=1

Ha — 3:“2 Z +M2 Z Saascc +2:u2 Z

a,c=1 a,b=1
W—/ N—— W—/
<|IS|[F=Tr(H*) Tr(H?)? Tr(H*)

Applying E[|[HB|?] = po |H|J7, we get
Var(|[HB|1*) = (14 — 3u3) Z Sz, 4 2p3 Tr(HY) < (g — p3) Tr(HY).

Overall, we get

(kg — 343) 01 Saa + 23 Tr(HY) + 4oy Tr(H?) + 20T (H?)
Tr(H?)?
Tr(H?) + 0?Tr(H?) + o' Tr(H?) < CTr(H4) + o Tr(H?)
Tr(H?)? - Tr(H?2)? ’

Var(is) = (5.25)

<C (5.26)

where in the last step we apply Tr(H?)? < ||H||%||H?||% = Tr(H?) Tr(H*). Now applying
Tr(H*) < (nAp)||X|5, and Tr(H?) < (nAp)||X]|3, along with the lower bound of || HI||%.

in (5.20), we have

IXII (14 g ) 0 AD)
EiR SnAp

(I) = Var(fiz) <
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Next to bound (I7), usingy —y = —(m; — m;)X1, we have

~ X'y - IXTy)*  X'F-y).X'(¥+3))

Mo — H2 = =
XX IXTX[7
— (y—m )[<XTX1, XT(X(28 — (M1 +mq)1) + s)>]
- 1= 1 9
IXTX|1%

which implies that (I7) = E[(liy — fi2)?] < 2((I1;) + (I15)), where

1
IXT X1
1 A~
(1) = e e B — m) (XX, XTX(28 — (7 +mi)1))?).

(II}) = E [(ml —my)2(XTX1, XT€>2],

To bound (1), we use my —m; = ||X1H2 to get

1
X7 X [ XL
- 1
T IXTX X

(I1) =

E [(1TXy)2<XTX1, XTeﬂ

EY2[(17 Xy)!|EL2 [<XTX1, XTe>4] .

Since 1"XTy = 1"TXTX3 + 1"X e, where 1" X X3 is sub-Gaussian with constant
2M||X"X1| and 1" X Te ~ N (0, 02||X1]|?), we have E[(1T X¥)4] < C(M*||XTX1|*+
o[ X1]|*). Similarly, (X"X1,X"e) ~ N(0,0?|XXTX1|?), so E[(X"X1,XTe)!] <
Co*|| XX TX1||*. Combining the estimates yields

M26? | XTX1J2||XX X2 + o[ X1 2 XX X1

(IL)<C
XXX
- Xl X, o
T IXXE T (A

where we apply the lower bound of ||X"X||% in (5.20). A similar argument yields the

same bound for (/]5), concluding that (/1) < ﬁ. Combining the bounds of (/) and

(11) concludes the proof.
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5.4.2 Proof of Theorem 5.1

The proof strategy consists of the following three steps:

)

(i)

(111)

We considered the centered model y = X (3 — m;1) + € pretending m; is known.
Based on observations (X, y), we apply the recipe in (5.7) to estimate the centered

moments defined as y, := E[(8; — m1)*]. More precisely, let {fi;},>o be recursively

defined by

¢
_ 1 N o o o
fie .= o [Fe(}’) =D D D e ) Ts(fi.’:;g;d”] . (527
¢ t=2 dyt...+dg=:d;>2 S1,5t=1
where [i5 = (fiq V —2K4) A 2Ky with K; = M?d%? is the truncated version of [i,.
The MSE of i, for p, is detailed in Section 5.4.2.1. We emphasize that ji, is not an

actual estimator (for 1,) and is only used as a proof device.

Since m4 given in (5.2) is consistent for my, we expecty = X (3 —my1) +etobea

good proxy for y, and therefore fi, in (5.7), namely,
1 ! -
o= [BE) =Y Y maeem Y, I8 528)
¢ t=2 dyt...+dg=d;>2 S1pst=1

to be close to fi;. We quantify this approximation error in Section 5.4.2.2. When

combined with the previous step, this yields the MSE of {fi,}¢>2 for {1 }e>o.

Since m, = Zi:o (f;) pem{ ™" by the binomial formula, we can bound the MSE of

my in (5.7) via the above MSE of m; and {fi}¢>o.

To ease notations, we use /i, to denote the centered moments E[(3; — m1)*]. With 7y

given by (5.28), let

B:=p—ml,  B:=p8-ml, (5.29)
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5.4.2.1 MSE for centered model

The following result states the MSE of (idealized estimator) /iy in (5.27) for the centered

moments /. Recall that M denotes the sub-Gaussian constant in Assumption 5.2.

Proposition 5.3. Suppose that Assumptions 5.1 and 5.2 hold. For any k > 2, it holds that
El(fr — p)?] < Ay, where

Ay = (Ci\fk>(k+l)3n ip (g v 1)k2. (5.30)

We will apply induction to prove this result, by bounding separately the bias and vari-

ance. The following result states the bias bound.

Proposition 5.4. Suppose that the bound (5.30) holds up to some k — 1. Then the bias of

[ satisfies

El] -l < (2o0) (2 v) " A, (5.31)

Co n
Proof. First note that if y = 0 + ¢ with ¢ ~ N(0,02[,), then for any a € S"!,
E.H,(a"y/o) = (a'8/c)*. In our case, we have 8 = X/3. Moreover, with 7 and T

defined in (5.4) and (5.5), it can be readily checked that for any vector 3 € R?,
Tr(XTXB)%F = (T®), 3%F) = Z Z Z T(hddpdi - gd - (5.32)

where the summation over (dy, ..., d;) is ordered. Applying the above two facts, the first
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term in the definition (5.7) satisfies

1 ol

k
-y Z et) (5.33)

t=1 dy+-tdp=k:d;>2

where the ¢+ = 1 term corresponds to Ay iy, and ~(@-od) = SP pldeod) hepe

.....

fore, by the definition in (5.27), we have

|E[fix] — uk‘_|Ak|‘Z Z A dt)(E[ﬂél---ﬂzt]—ud1-~-udt))-

=2 di+-+di=k,d;>2

Note that
E[fig, - - fig,] = tdy - b, [Zﬁbdl (15, = Ha, )y - -udt],

and since || = |(jigV —2Kq) AN2K,4| < 2K, (where Ky = M4d%?) and py < K, it holds
that E[(15 — 1a)?] < E[(ftg — 1a)?]- Therefore, since dy, . ..,d; < k — 1, the induction

hypothesis yields that

}E[ﬂzl T ﬂ;t] — Hdy t :udt} < EH Zﬂ;l T ﬂfljfl(ﬂflj - udj)udj+1 ©r o Hdy,
j=1

]
<B[( 300, - ma)?) (0, e omar?) ]

j=1 j=1
t

< (122 MR (ED (5, =, )?)
j=1

¢ 1/2 1
< Vi ME R (EZ fia, — 1a)?) < 2UMERRAL
7j=1

1/2
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Applying this bound, Lemma 5.2 below, and the fact that 25;2 D dittdy—k: 421 < k*,

we have

k

_ 1 o _o
[Elf] = ma] < Ay Z Z |”V(d1 """ dt)| -[E[mg, - - mg,] — ma, - -my,
k=2 dytotdi=k,d,;>2

1 1
EE(K*(n A op) X120 (R2EMFRFPAZ )

=

1
= (2M) FEak 1 (n A p) ||XH2'“A2 (5.34)

k
The desired bound now follows from the lower bound on A;, in Assumption 5.1. [
Lemma 5.2. Recall that (%) = 51 ..... s=1 i,(ldl ) For any positive integers i, k,

and dy, ..., d; satisfying d; > 2 and dy + - - - + d; = k, it holds that

k
peeay< (o nnIXI < peanIXEg 639

Proof. Let H@ := H°? be the d-th Hadamard power of H (i.e., (H?),; = (H;;)?), and

recall from (5.5) that T3 o™ = (, % VS22 HA - H forl <s;<...<s <p

----- dl?"'y 7,81

Hd1 X Hdt

7,51 1,5t

=1 1<51< -<st<p

(i (F D S - RN ¢

7,81 1,5t

1<s1 < <8¢ <p

(0. a) &
(00.) 2
SRR SI B0 SN TR 5
(4.2.)
(0.."a)
(0.."0)

i=1 |1<s1<<8¢—1 st=1

p

S>> HI---HE
=1 |1<s1< <81

p
Xl “NEE Y > I
i=1

k
i< (, ) IXiEw A
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as desired. [l
The following result gives a variance bound for fi.

Proposition 5.5. Suppose that X satisfies Assumption 5.1 and 3 = (pn, ..., ) has i.i.d.
entries distributed as g, where g is centered and M -sub-Gaussian for some M > 0. Sup-

pose that the bound (5.30) holds up to some k — 1 with Ay_1, then we have

Var(fi) < (Ci\jk)m (5 v 1>2k_2Ak1 + (Ci\jkfkn ip (% v 1>QH. (5.36)

.....

2MdY? and dy,...,d; < k — 1, so by Lemma 5.3 below and the induction hypothesis in
(5.30),

Var(fig, -+ fig,) < 2% M k¥ max Var(ig, ) < 2% M k¥ max E[(fig, — pta,)?]
J

J

< 23kM2k2kk2 Hl]aXE[(ﬂdj o de)Q] < 23kM2k2kk2Akil

Consequently, by the lower bound on A, via Assumption 5.1 and upper bound of |ry(®1+d)|

in Lemma 5.2,

k
1 —0 —o0 kk 5°
Var(— > o dt)udl---ﬂdt) <— E > [y PVar (g, - - i,

=2 di+-+di=k,d; >2

CMk>2k2 (2 y 1>n%2Ak_1.

2
k
]\ k %2
< <_2> k4k+k2M2k:2 <£ \/ 1) Ak—l
€

For the variance of Fy(y) defined in (5.8), we have Var(F(y)) = Var(E[F\(y)|8]) +
E[Var(Fy(¥)|B)]. For the first term, recall from (5.33) that E[F,(y)|3] = <T(k B° >
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by Lemma 5.4 below,
Var(E[F(y)|8]) = Var((T™), B)) < 45 k™ M* (n A p)||X 35,

On the other hand, by Lemma 5.6, we have

CMk

Co

EVar(F(9)18)] < (T )" () X1

Combining these terms together, we conclude

Var(fi) < (CMk>2k2 (3 v 1>2k2Ak_1 + (ﬂf’“,#k#(g y 1>2k2

Co n Co nAp\n
2k+2 2%k—2
() )
< (CMk>2k2 (Q y 1)%_2Ak_1 N (C’Mk>4k 1 (2 v 1>21<;—27
Co n Co nAp\n
as desired.
[
Lemma 5.3. Suppose X1, ..., X, are bounded random variables for some positive integer
n. Then
Var(X; -+ X,) <n2" ! max | ||20) max Var(X;), (5.37)

where || X ||« denotes the essential supremum of X.
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Proof. We prove by induction. For the base case n = 2, we have

Var(X1X,) < 2Var((X; — E[X1])X5) + 2Var(E[X;] X5)
< 2E[((X1 — E[X1])X2)?] + 2[| X1 |13 Var(X2)
< 2[| Xa[[ZE[(X1 — E[X1])?] + 2[| X1 |3 Var(X2)
= 2] Xa[3Var(X,) + 2[| X33, Var(X>) (5.38)

< dmax((| X, 2, 1 X2 ]2) - max(Var(X,), Var(X2)),

which agrees with the desired bound. Let A := max;cy | Xi]|co- Suppose the result holds

for n — 1, applying (5.38) yields

Var(X; -+ X,,) < 2| X1 ||A Var(Xy - - X,,) + 2[| Xy - - - X, ||A Var(X;)

< 2|1 X112 [(n ~1)2n 2420y Var(Xj)] + 2420 Dvar(X,)

2<j<n

< n2n A mé[n}(Var(X)
JEIN

which proves the desired bound. ]

Lemma 5.4. Suppose that 3 = (1, ..., 5,) has i.i.d. entries distributed as g, where g is

centered and M -sub-Gaussian for some M > 0. Then for any k € N, we have
Var((T9), 855) ) < 4"k M (n 1 p) X5

Proof. Using the diagonal-free decomposition (5.32) of the tensor 7*) and then expanding

using ng = ﬁgj — mgq, 4+ Mg, (Where mg, denotes the d;-th moment of 3;), we have

k
= Z Z S T T — ma) - [[ma 539

t=1 dy+-tde=k,d;>1 TC[t] 51,.-,5t=1 i€ i¢T



Therefore, for some u € [t], up to an ordering a typical term can be bounded by

Var( > T (B —ng,) - (B —mdu)mduﬂ...mdt)

S1yeeey st=1

p p
—miemiVar( Y (0N T ) (B = ma,) - (B = ma,))

S81,-.38u=1  Sy41,...,5t=1
p

d 2
= Var(B) - -Var(Bf)m2,_ --m2, > ( S T >), (5.40)

81,-.,8u=1  Syt1,...,5t=1

and we note that, since m; = 0, this term is O unless d, 1, . . ., d; > 2. Next note that, with

H@ denoting the d-th Hadamard product of H satisfying |[H@||,, < ||H]||¢

op’

(dl,.].{.,d)_ 2. ( 2 TSldl’St’ )

S1,--+ySu Su415-++,S

- Y (Y Y membmeend)

1<s1< <5y =1 (89)<Sut1<-<5:t<p

. (Zchg}g.. HY Y HS L HY)

1<51<...<8qy i=1 (su)<Su+1<...<st<p
NS ~~ g
)‘i§5u

< Y (S H)

81,58u=1 i=1

)
<Zmaxk [P EEE,

< ||XH4 (a4 ) Zmax/\%

J€[p

where (x) follows from Lemma 5.5. It remains to notice that: for d,1,...,d; > 2, we
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have the following bound uniform in j:

d d
Ml=| Y HEnLHE
J<sy+1<...<st
D (e D DR : PP : o
J<8y4+1<...<8¢t
< X[ bbb @E XA Y HY,,, G HE

I1<S8u4+1<...<8t—1

<...< ||X||2 dyt1+...+di—2) Z H2

J<Su-+1

< || X2t =2 H, 12, (5.41)

1,Su+1

which implies that

) ki
Z < Z Ts(fl.l..’gf,dt))?g (Ch ) HX|4k SZHHzH4
' k
= (dl,..., ) X155 4;||Hi,.||2: (d1 |

7"7

) X[ < £ A p) X%

Recall that K; = M?%d%? and m4(g) < K, Then using Var(3{) < may(g) < Kaq, the

above display further implies that the typical term in (5.40) can be bounded by

Var( Z Tsiilwsht" 1 - ) (6d“ - mdu)mdu+1 e mdt)

< TTar g TT M k(o )X < 29502 A )X,

=1 i=u+1
where we apply the fact that maxg, , yq,<x d? ...d" = (k/t)* < k*. Coming back to

(5.39) and using the count that Zle Zd1+-~~+dt:k,dj21 Dorep L < k*2% we have

Var((T®), 8%) ) < kF25 - 2K M2 (0 A p) X5 = 45K M (n A p) | X125

op?

as desired. H

Lemma 5.5. Let AV, ..., A® be m x p matrices. For any set of real numbers {Nij
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i € [p],J € [m]}, it holds that
Z Z ®)* &) (1 Zp
1))12 t)12 2
B ( )\z stAsl it st,i> < ||A ||op e ||A ||0p - ?61%/\1]

Proof. Forany sy, ...,s; € [m], let AG2-5t) = ({\; G AP A P_|) € RP. Then,

S9,1 Sty

2

Z )\z stA52 i st i A(ll)

> (Z&Mm- A0) =y

81558t =1 82,8t =1

< |at ||0p2 Z A (AD A2

2 1
=|\A(”H§pZIIAS)I|2 A% ZAW

Stl

< A3, - 1A© Hopzmaxk”,

as desired. O]

Lemma 5.6. Recall F}.(-) in (5.8) and assume y = X3 + € withe ~ N (0, 0*L,). For any

integer k > 2, it holds that

k—1 p
Var(Fx(y)|8) < Z( ) 0% X)2 T EB)Y + ko (n A p) | X%

=1 j=1

Moreover, if By, ..., 3, are i.i.d. centered and M-sub-Gaussian for some M > 0 and X

satisfies Assumption 5.1, then

BalVar(lB) < (S0 ) IXI,

where C' > 0 is universal.
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Proof. By Lemma 5.7, we have

p xTy x1y
Var(FL(y)|B) = ol|x;|)* (o||x4]])*Cov ( Hy (=2 H(—2
(F(y)1B) Z( I )Mo 1 Cov (i (322 ). He (L))
p k 2 T T T
k X»B k¢, x.,0 \ k-t X X Y
= o= ]1)* (o ll=5]])* . Tl
2232 () et () Gen)” (i)
k L 2 p
= ( g) 0™ (%] 0)F(x)0)  (x) x;)".
EZI j?j/:]'

Let us bound the inner summation for each ¢ € [k]. If £ = k > 2, we have

| Z x) x;)*] < X252 (x x;)? = IX[252H|F < (n Ap)[IX125
J:3'=1 4,5'=1

For ¢/ < k — 1, denote (HB3)°* € R? denote the a-th Hadamard product of HA3, then using
= (HB);>

3 00 0| = | 3 018 a0

J.3'=1 J:3'=1

p
= (HA) = ITH* (HB) ) < |[H||o, |(HA)*9|” < X2 > (HB);"

j=1

leading to the desired bound for Var(Fj(y)|3). To bound its expectation over (3, note that
foreach j € [p|, (HB), is sub-Gaussian with constant C'M || H,.|| for some universal C' > 0
(in the following, C' > 0 denotes a universal constant whose values changes from instance

to instance). Hence the sub-Gaussian assumption yields

ZE HB); "™ < (CMP I XSE D IH]L2E)* < (OM)*(20) (n A p) X507,

7=1
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which further implies that

k
EgVar(Fi|@) < (CM)*™(2k)"> <’;) 010 ||X || 42

(=1

(CM 2kk2k8kz QEHX”M: 20

EE: <H3<Hop>

OP ¢=0

(C«M)2kk2k+18k 2||X||4k 2(1\/

< (Y

)
Co op

< (CM)* 8" X5
pHXH

o )2(k1)
[1Xlop

where we apply Assumption 5.1 in the last step. The proof is complete. [

Lemma 5.7 (Hermite polynomials of correlation Gaussians). Let Hj denote the monic
degree-k Hermite polynomial. Let (71, Zs) be joint normally distributed with Z,, Zy ~

N(0,1) and E[Z1Z5) = p € [—1,1]. Then for k, k' > 1,

Cov(Hy(Zy), Hiy(Z3)) = Ly p"k!, (5.42)
and for any 01,0, € R,
k 2
Cov(Hy (6 + Zy), Hi(62 + Z3)) Z ( ) 0 - 08 tob=tpt (5.43)
=1

Proof. We first prove (5.42). Let f,(z, y) denote the joint density of (Z;, Z5) and fo(z,y) =
o(x)p(y), where ¢(+) is the standard normal density. It is well-known that the likelihood

ratio % (Mehler kernel) admits the following spectral decomposition:

K(.y) = %Z/g _ Z, Hil() Hi(y).

k>0
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Let W7, W5 be iid standard normal. Then

Cov(Hi(21), Hy(Zs)) = B[Hy(Z1) Hy (25))]
= E[Hk(Wl)Hk’(WQ)K(Wh Wz)]
Z
EE[(Hk(WﬂHe(Wl)]E[Hk’<W2)H4(W2)]

Pkl k=K

0 k4K

where we used the orthogonality E[H (W) H,(W7)] = 1x—¢k!.
Finally, (5.43) follows (5.42) and the identity that Hy(z + y) = Zz 0 ( Yz Hy(y),

which is a consequence of Hy(z) = Ey.opo.1)[(z + iW)F]. O

Equipped with the bias and variance bounds in Propositions 5.4 and 5.5, we are now

ready to prove Proposition 5.3 by induction.

Proof of Proposition 5.3. Base line For k = 2, we have A, = (22M)27(2 v 1) s and
Loy = FZ( Y) as in (5.27) is unbiased and satisfies the variance bound as in (5.19):
_ (my + 5m3)Tr(H*) + 40*my Tr(H?) + 204Tr(H2)
Var(fiz) <
Tr(H?2)?
We now apply
Tr(H) < (n Ap)|Xllsp,  Tr(H?) < (n Ap)IIXIS,,  Te(H?) < (0 Ap)[IX]l5,,

along with Assumption 5.1, which implies A, = Tr(H?) > co||X||opp( 1)2. Applying
the bound my, < M*E*/? yields the desired result E[(fia — p12)?] = Var(jiz) < As.
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Induction By Propositions 5.4 and 5.5, we have

El(e — p)?] = B[] — pe]® + Var (i)

IM kN 5k+2 2k—2 C Mk 2k? 2k—2
<(5%0) (“1) St (57) () A
Co Co n
CMFk p 2k—2
(5 ()
n
C’Mk: 2k2 2k—2 CMk\4 1 2k—2
() GvY) s (57) wm Gy
Co Co nAp\n
S Aka
(k+1)3 k2
where the last step follows from the expression Ay = <CC—]\O4’“> %/\p (% \% 1) in (5.30).
The proof is complete. O

5.4.2.2 Pertubation analysis for debiased model

Now we focus on the difference between the moment estimators of the approximately cen-
tered model y := X,@ + ¢ and the true centered model y := X3+ ¢, where B =pB-ml,
with 773, given in (5.2), and 3 = B8 — m; 1,. The following result states the mean squared

difference between the true estimator /i, in (5.28) and the idealized estimator iy in (5.27).

Proposition 5.6. Suppose that Assumptions 5.1 and 5.2 hold. For any { > 3, it holds that

E[(1i; — fi¢)*] < 0g, where

i (B )

Co

for some universal C > 0.

Proof. We will apply induction to prove this result. The base case ¢ = 2 follows from

Proposition 5.1. Assuming the claim holds for some ¢ — 1 with ¢ > 3, we will bound
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separately the two terms

¢
1 —~ _ 1 ~o ~o0 —0 —0
L) - Fi(y)) and £ A (@G G, = G, - 1G,)s
¢ ¢ =2 dy+. +dy=t:d;>2
where we recall y/(@-d) = S0 Tl ﬁ.’.’;;’tdt)
Bound of first term Recall that Fy(y) := > °_ (o]|x;|]) HZ( H §”>. Denoting u; :=

x;/|1%;]| and & := [y — m;|, we have

TIF() - (s \<—Zafuxju [Hy(w]§/0) — Hy(u]y/o)|

7=1
< EZoﬂ\xﬂl‘lH&(@)Hu}(?—:7>/a|
j=1

p

) _
<1 o I 1 (8 ) [[uy X1,

i=1

where ¢; is some point between u;y/o and u;y/o. Note that Hj(x) = S aprt is a
polynomial of degree ¢ — 1. For each term z* with x € [a, b], we have |z|* < |a|® + |b|*.

Then we have

LIEE) - F®)
<—Zaf !l Zm (%3] +

) L o ~ _
< E;mww : 12;||xj||f (e XBI + ] XBIE + [ e ) I X1
=0 j—

uy

>|uJTX1|

-1 P
0 ke e s _
- E Z |ak|0k0'€ F IZ ||Xj||£ b 1<|X;I—X(/8 -3 +5)|k + |X;|—X,6|k + |XjT€|k>|XjTX1|
-1

<Y laelctot S (T XA+ X + el XL

k=0 7j=1
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Consequently, using |a;| < (Ck)*, we have

E[(Fu(y) — Fu(y))?]

-1 p

<E[? (Zo’f (X lp) (2 (] XBI* + 64 X1 ! + |x}s|k)|x;X1y))2}
=0 =1
/-1
< (J%E[&?Z 7|1 X [l op) 267~ 1>(§p:(|x;XB|’f+5’f|x;X1|k+ |X]-T€|k)|ijX1|>2]
=0 j=1

P

< S (oIl [ (3 b xpg X)) ] B3 )]

Jj=1 Jj=1

- s -

E[52 ( i |ijs‘k|ijX1]>2} }

(I) (I1x)
j=1

J/

(I113)

To bound (I} ), we have

(1) < El§*]E [(Z\xTxm xrxil)'] < EpiE {(Dmmy(i x/x1?)

P

Bl XX R b XB) | < B XX S0 XB) ]

J=1 J=1

p
< (CRPPMUpEF XX Y I1X T |* < (CR)* M p?| X 55 |1 XL 'ELS"].

j=1
Using the definition 6 = m; — m; = % and Assumption 5.2, we have

E[5"] < CEAXXB) +E(1XTe) [ X]] ( L0 )4

N X1 - XAy [ Xlop/

which further implies

( ) (Ck)2kM4kp2HX| 8k+8<M+ L){
[1X[fop
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2
or equivalently, (1) < (Ck)k*M 2’“p||X||4"3+4( + IIXC|r|0p> . A similar consideration yields

(IT5) < (R o X2 (M 4+ 50 )
Xl

Lastly, to bound (/1;), we have

P P
(I1,) = E[52k+2]<z ‘X;Xl’k+1) < pE[62+2] Z (x] X1)2 (k+1)
7j=1

j=1
p
< pE[FF XX D (x]X1)?
j=1

= PR X[ XXX < pE[e* 2| X552 X[+,

where
E<1TxTy>2k+2
[ X1 || 45+

2k-+2
(Ch)F1 X |2+ (M i W)

< P

B X[+

M2k+2 HXTXl sz—i—Q + 02k+2 HXl ||2k+2

52k+2] —
o XL

S (Ck)k+l

Thus we conclude

2k+2
(TTe) < (CRp|X &+ (M 4+ =T =)

[1X]lop

Combining the estimates of (I;,)-(111}) yields

k+4 2k
(1) + (1) + (111 < (CO XN (M + )
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which implies that

E[(Fg(y) Fg( )) < CKEZ O-HXHOp) (L—k-1) <C€)£+1 HXH4k+4(M+

llop )Qk

X
k=0
<p(C£)“2HXH§f;i (H;H >2<H ) ( HXH )
k=0 P Op
<o(5) 1K 0+ )
< () X1,

0

where we apply Assumption 5.1. Hence using the lower bound of A, in Assumption 5.1,

we have

s[(EE) = () By

Bound of second term For the individual difference fi§ ... 5 —fig, ... g, for (dy, ..., d;)

such that 22:1 d; = ¢ and d; > 2, we have

ﬂ31"'ﬂot Z/"Ldl lj'dll O le)ﬂ21+1ﬂzta

where |5| V 5] < 2K, with Ky := M?d%2. Using E[(u5 — 15)?] < E[(jig — ia)?], we

have

B (5, - 75, — iy - 5, ]<tZE[udl i (5, — A EG,, 3’

< t2t—1M2€€€ ZE[(ﬁdz - Iadi)2] < t222tM2e€e(5g_1,

=1

applying the induction hypothesis since d; < ¢ — 1. Recall the bound of ~(@ ) —
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-----

l
E[(Aié Z Z ,y(d1 ..... dt)(ﬁzl 0

t:2 d1++dt=Zdj 22

2

1 C M 2¢ 20—2
< (P Ap)? X (22 M) < (=) e (Bva)T e

A7

Co

Hence, combining the two bounds and using the expression of §,_;, we have

(C;_OM)2£€5£+2 <§ v
C 3

202 1
v1) -
nAp

concluding the induction.

5.4.2.3 Completing the proof

By combining Propositions 5.3 and 5.6, we have

E[(ie — ju0)?) < 2 (B[(fie — i0)?) + El(f1e — 1)) < (

as desired.

5.4.3 Proof of Corollary 5.1

2 201
(M+ g )—(’iv
||X||0p p\n
201
o) (v
HXHOp pin

)

= 5@)

p)
€o

3(0—1)2
)

CM?

p)
€o

i o
Xy

1 <p
nAp\n

) () (2
0

20
)

CcML

> 2(£-1)

) %_25671

1
nAp

202
v 1) ,

Lemma 5.8. For a > 0, let ¢’ be the conditional version of g on [—a,al, i.e., g'(A) =

g(AN[—a,a]
9([_0’7‘1])
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Proof. Let g be a probability distribution on R with CDF F', and let

p:=P,(|X]| > a), m:=1—-p=P,(|X| <a).

Define ¢’ to be the truncated and renormalized version of g on [—a, a], with CDF

0, r < —a,
F,<l‘): F<$>_F<_a)’ —CLS[L‘SU,,
m
1, T > a.
In one dimension,
Witg.s) = [ |F@)~ F@)]ds

Outside [—a, al:

/_—a |F(z)—F'(x)] dw—l—/oo |F(z)—F'(z)| do = /—a F(z) da:—l—/oo(l—F(x))da: =E,[(|X|-a)+].

o0 —00

Inside [—a, a: for x € [—a, al,

F(z)— F'(z) = F<_“);LpF<‘r) = A(2).

Since A is monotone and bounded between F'(—a) and F'(—a) — p, we have

|A(x)] < p, x € [—a,al.

Therefore,

/_a |F(z) — F'(z)| dz < 2ap.
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S0 Wi(g,¢') < Ey[(1X| — )] +20P,(1X| > a). =

5.4.4 Proof of Lemma 5.1

We first compute E| HZ . Note that HY, = (x;,x;)" = (xP*, xP*), where x; is the

’L]l z’]

i-th column of X, so

[ 3] - at Sou S - 3 a(Twex)
i,7=1 =1 QAl,eeey ap=1
Ld 2 o PNk
> 3 H%EZX%VHX%Q::mn_nuxn—k+n§:(lﬁ
ai,...,ap€[N]:a1#...#ay, i=1 1,7=1 p

> (= k+ D) ITEFL > (0= k+ 1) T A (%) > (0 — k + 1)fp7 I,

where Y°% denotes the kth Hadamard product of ¥, and we use the fact that )\min(Eo"‘) >
(Amin (2))*.

Next we bound Var( HE, ). Writing X; = p V28Y2Z,and Z = [Zy; ... Z,] €

z] 1
R™ P we have
p p p
Var( Z(XTX)Z) - Var< 3 p M2 ZE ) ) =p 2”‘Var< 3 (z”zszzl/?)fj).
Q=1 ij=1 ij=1

Let f(Z) = 7| (SY?ZTZ5/?)F,. Then forany o € [n] and 3 € [p], using Dug (X122 ZX1/?);; =
(ZXY?)0;(SY2)i5 + (Z51?) 0i(EY?) 15, we have

p
Z El/QzTZEI/Z)?jflaaﬁ[(21/2Z—rzzl/2)lj]

4,j=1

azaﬁ
p
=20 30 (BPZTZS A B2
ij—1
— 9%k [Z21/2(El/QzTZEl/Q)O(k—l)El/2] ]
af

By tensorization, the distribution of Z in R"*? satisfies the Poincaré inequality with con-
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stant C'p; (see [BGL14, Proposition 4.3.1]), hence

Var(f(Z)) < 4k*R||Z8Y2(2Y2Z27 25/ k=D y1/2|2
< ARE| Z|ZIZ 1212128V 255
< 4R?(|Z|2% - B2 Z 3 - BV 250
< CH[B)1Z(np) - (Vi + /p) ¢

< CH|IZ[I55(n + p)**

where the second last inequality follows from [Ver18b, Theorem 4.4.5]. This further im-
plies that Var(3_7._, (XTX);) < C*(1 +n/p)*

Next we upper bound || X ||, on the right side. Since || X||op = [|ZZ2]| < [|S/165 1 Z ] ops
it suffices to bound ||Z||op = sup,ecso—1||Zu||. Let N be a 1/2-net of SP~* with cardinality

less than 57, then for any u € SP~!, let v’ € A be such that ||u — /|| < 1/2,

1
|Zu]| < N1Z(u — )| + 2] < 5 sup || Zu]] + SupIIZUII

ueSp—1

yielding that ||Z||o, < 2Sup,csp-1||Zul|. Since for any fixed v € N, Z — ||Zu]| is 1-
Lipschitz (with respect to the Frobenius distance on R"*?), and by tensorization the law
of Z in R™*? satisfies a log-Sobolev inequality with constant C' 57, we have P(|||Zul|| —

E[||Zu]|]| > t) < 2exp(—ct?) for any ¢ > 0, where ¢ > 0 only depends on Cg;. O

5.5 Proof of lower bounds

5.5.1 Proof of Proposition 5.2

For simplicity, we take the noise variance to be 0> = 1. Recall the block design X in
(5.23), where m = p/n € N. Let 3 = (4, . .. ,Bp)i'rif}'g. Then 8 = X3 ~ (g™)%", where

¢™ = Law <%> is the rescaled m-fold self-convolution of ¢ defined in (5.24).
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Thus, y = 0 + € has a product distribution P,(y) = (g™ * »)®", where ¢ is the normal

density. So we can bound the total variation between product distribution by

TV(P,(y), Py(y))) < nTV(g™ @, g™ x ¢).

The distance between the one-dimensional normal mixture can be bounded using standard

moment matching argument:

m m (a) g(m) * gp _ gl(m) * %0 <y>2
ATV (g™ % ¢, g™ % p)* < /( 2] ) dy
(b) x= 1 2
=D 7 (ma(g™) = mu(3"™))",
k=0

where (a) follows from the variational representation TV(p,q) = %infr S @ with
infimum is over all probability densities r (cf. [PW24, Exercise 1.36]); (b) follows from
expanding the mixture density under the Hermite basis whose coefficients are given by the
moments of the mixing distribution (see [WY20a, Lemma 9]).

Next we bound the moment difference of the m-fold self-convolutions. Let ﬁii'ri\'g’g and

ﬁgi'i&d'g’. Then
mi(g™™) = m T PE[(Br 4+ Bn)*], (g ) = mTEI(B 4+ 8"

Let g, g be two symmetric distributions on [—1, 1] with first L moments. Then it is clear

that my,(¢g®™) = my(g®™) for k < L. For k > L,

E[(B + ...+ B) 1 —E[(B + ... + 8,)"] = | > EBi - Bi) —EBy 8]

(5.45)

For a given iy, ..., i € [m], denote the multiplicity f; = Z];:l 1;,—j1 denote the number
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of times j € [m] occurs. It is clear that by construction, the contribution is zero unless (a) at
least one of the f; > L +1 (b) all f; are even. Therefore, the number b of distinct indices in
[m] is at most % + 1. Enumerating the distinct indices j, . . . , j, and their multiplicities
fivs---, fj, satisfying f;, > 2 and 22:1 fj, = k, we conclude that the number of non-

vanishing terms in (5.45) is at most

where p(k) is the partition number of & and satisfies p(k) < exp(Cyv/k) for some absolute
constant Cyy (Hardy-Ramanujun). Combining the above and using that g, ¢’ are supported

on [—1,1], we get
[mi(g™) = mi(g" )| < mm Pk exp(CoVk).

Finally,
=1
ATV(g™ w0, ™ w0) <m0 37 s (kexp(Covh))” < Crm ™!

k=L+1

for some absolute constant.

5.5.2 Proof of Theorem 5.2

For simplicity, we take the error variance 0% = 1. Let g, ¢’ be two distributions supported
on [0, 1] with matching first L moments. Let 3 € R” have iid entries distributed as ¢’ and
also be independent of 3. Forany 0 < k£ < p, let 3 k] ¢ R? be a random vector such that

BN, =B, for1 < ¢ < k,and (B*), = B, fork+1 < ¢ < p, so that B = 3 and
¢ ¢
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Bl = 3. Then

p
drv(Py(y), Py(y)) = drv(XB" + &, X8% +6) <> dry(XB" + e, XBF 1 + ).

k=1

(5.46)

Let x; denote the jth column of X. Then for any 1 < £ < p, by the data processing

inequality and rotational invariance of the total variation distance,

dry (XBH 4+ &, X3k 1 ¢) (5.47)

k—1 D k—1 D
= dTV(Z B+ 3B+ > xiBp+e, Y xiBy+xiBi+ Y xBy+ 5)
=1 =

{=k+1 l=k+1

< dpv(xxB; + Eaxklgk +€) = drv(||xk|| By + €1, ||Xk||5;g +€1). (5.48)

Next we apply a standard moment matching argument to bound the distance between
these two univariate normal mixtures. Recall the assumption that maxe/y)|[xk|| < Co(3)*(logp)” <
1/2 which holds for n < p'~° and all large enough p. Applying [WY20b, Theorem 3.3.3,

Part 2], we get for some universal constant C,
%18+ 1 Il B+ £1) < (Claan [ 440,

Finally, combining this with (5.46)—(5.48) and applying TV? < }lxz (see, e.g., [PW24,

Proposition 7.15]), we get

L+1
n «
drv(Py(y), Py (y)) < pC** - mafx [+ < p {000(9 <1ogp>”] <01,

ke[p]

by choosing L to be large enough (depending only on Cy, o, 9, ). The proof is complete.
O
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